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Abstract: N = (2, 2), d = 2 supersymmetric non-linear σ-models provide a physical real-
ization of Hitchin’s and Gualtieri’s generalized Ka¨hler geometry. A large subclass of such
models are comprised by WZW-models on even-dimensional reductive group manifolds. In
the present paper we analyze the complex structures, type changing, the superfield content
and the affine isometries compatible with the extra supersymmetry. The results are illus-
trated by an exhaustive discussion of the N = (2, 2) WZW-models on S3×S1 and S3×S3
where various aspects of generalized Ka¨hler and Calabi-Yau geometry are verified and clar-
ified. The examples illustrate a slightly weaker definition for an N = (2, 2) superconformal
generalized Ka¨hler geometry compared to that for a generalized Calabi-Yau geometry.
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1 Introduction
Hitchin’s generalized Ka¨hler geometry [1] is realized by N = (2, 2) supersymmetric non-
linear σ-models in two dimensions [2] (for reviews see [3]). From the physics point of
view, these models describe strings propagating in a bihermitian background geometry [4],
[5]. Indeed, requiring that an N = (1, 1) supersymmetric non-linear σ-model has N =
(2, 2) supersymmetry introduces additional geometric structure, in particular two complex
structures (one for the left-handed and one for the right-handed extra supersymmetry
transformations) such that the metric is hermitian with respect to both of them. The
resulting conditions on the geometry can (locally) be solved in terms of a single function
[6] which already warrants the name generalized Ka¨hler geometry. This finding was an
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immediate consequence of the off-shell realization of the σ-model in N = (2, 2) superspace
[7]-[10].
Imposing conformal invariance at the quantum level gives additional conditions which
were studied in the context of 1-loop β-functions in the nonlinear σ-model [11] and in the
context of generalized Calabi-Yau geometry [12].
Till now there are not that many explicit – in the sense that the generalized Ka¨hler
potential is known – non-trivial examples of generalized Ka¨hler geometries beyond usual
Ka¨hler geometry. An obvious example is provided by hyper-Ka¨hler manifolds which –
when both complex structures are chosen to be equal – can be formulated as an ordinary
Ka¨hler geometry. However a hyper-Ka¨hler manifold has an S2 worth of complex structures.
Choosing for the left- and right-handed complex structures two non-coinciding and non-
antipodal points on the two-sphere gives a genuine non-trivial example of generalized Ka¨hler
geometry. The generalized Ka¨hler potential encodes then not only the metric but the full
two-sphere worth of complex structures as well [8]. Another class of examples can be
obtained by deforming the above mentioned generalized Ka¨hler structures [2].
One of the most studied examples beyond (hyper-)Ka¨hler geometry is the Hopf surface
S3 × S1 [13], [8], [14], [15]. Even-dimensional reductive Lie group manifolds – of which
the Hopf manifold is one as S3 × S1 ≃ SU(2) × U(1) – provide a large class of potential
examples of this as the corresponding Wess-Zumino-Witten models all allow for N ≥ (2, 2)
supersymmetry [16].
In the present paper we initiate a systematic study of the manifest N = (2, 2) formula-
tion of supersymmetric WZW-models. In the next section we introduce various properties
of N = (2, 2) d = 2 supersymmetry, its relation with generalized Ka¨hler geometry and
the manifest supersymmetric formulation in N = (2, 2) superspace. Section 3 introduces
N = (2, 2) supersymmetric WZW-models and discusses various aspects particular to this
class of models. In section 4 we give an exhaustive description of the WZW-model on
SU(2) × U(1) (or the Hopf surface S3 × S1). The full moduli space of complex structures
is explored; isometries, global aspects and the relation between various formulations are
discussed in detail. In section 5 we provide an additional explicit example illustrating fur-
ther issues: the WZW-model on SU(2) × SU(2). In sections 4 and 5 we pay particular
attention to type-changing, generalized Calabi-Yau conditions and other items related to
generalized Ka¨hler geometry. We end with conclusions and an outlook. Our conventions
are summarized in the appendix.
2 N = (2, 2) σ-models
2.1 From N = (1, 1) to N = (2, 2) supersymmetry
An N = (2, 2) non-linear σ-model requires a bihermitian geometry {M, g,H, J+, J−} de-
fined by [4], [5]:
• An even dimensional (target) manifold M endowed with a metric g and a closed 3-
form H. Locally we introduce a 2-form b, H = db with the gauge symmetry b ≃ b+dk
with k a 1-form.
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• Two (integrable) complex structures J+ and J− which are such that the metric is
hermitian with respect to both of them:
J2+ = J
2
− = −1 ,
[X,Y ] + J±[J±X,Y ] + J±[X,J±Y ]− [J±X,J±Y ] = 0 ,
g
(
J±X,J±Y
)
= g(X,Y ) , (2.1)
where X and Y are vectors.
• The hermiticity of the metric implies the existence of two 2-forms ω+ and ω−,
ω± = −g(X,J±Y ). (2.2)
Their exterior derivative should be given by,
dω±
(
X,Y,Z
)
= ∓H(J±X,J±Y, J±Z), (2.3)
where X, Y and Z are vectors.
These conditions have various consequences. One of those is that the complex structures
are covariantly constant though with different connections Γ± (known as the Bismut con-
nections),
Γ± ≡ {} ∓ 1
2
H , (2.4)
where {} is the standard Levi-Civita connection. In fact taking the other conditions into
account, eq. (2.3) and ∇(±)J± = 0 are easily shown to be equivalent.
2.2 Generalized Ka¨hler geometry
The geometric structure defined above is also known as a generalized Ka¨hler structure1.
Indeed, given a manifoldM, Hitchin considered the bundle T⊕T ∗, where T and T ∗ are the
tangent and the cotangent bundle resp., on which one defines a natural symmetric bilinear
pairing,
〈X,Y〉 = 1
2
(ιXη + ιY ξ) , (2.5)
where X = X + ξ, Y = Y + η ∈ T ⊕ T ∗. In Hitchin’s geometry, the role of the Lie bracket
is replaced by the H-twisted Courant bracket,
JX,YKH = [X,Y ] + LXη − LY ξ − 1
2
d
(
ιXη − ιY ξ
)
+ ιY ιXH, (2.6)
where H ∈ ∧3T ∗ is a closed 3-form2. While anti-symmetric, the Courant bracket does not
satisfy the Jacobi identities,
JX, JY,ZKKH + JY, JZ,XKKH + JZ, JX,YKKH = −1
3
d
(〈X, JY,ZKH〉+ 〈Y, JZ,XKH〉+
〈Z, JX,YKH〉
)
, (2.7)
1Most of our discussion will be restricted to local issues only. A proper global treatment requires the
introduction of gerbes. For more details see e.g. the last reference in [3].
2We define the interior product so that the vector is always contracted with the first argument of the
form. I.e. ιXω = ω(X, · · · ) .
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where X = X + ξ, Y = Y + η, Z = Z + ζ ∈ T + T ∗ and where we used dH = 0. However it
is clear that the Jacobi identities are satisfied on an isotropic subspace3 of T ⊕T ∗ provided
the Courant bracket acts involutively on the isotropic subspace.
The bilinear form eq. (2.5) has a large isometry group of which the so-called b-
transformations form an important subgroup,
X→ eb X = X+ ιXb , (2.8)
where b is a locally defined two-form. It is then straightforward to show that,
Jeb(X), eb(Y)KH = e
bJX,YKH+db . (2.9)
So the Courant bracket is invariant provided b is closed. In fact, Hitchin’s geometry extends
the usual Lie derivative action on T ⊕T ∗ such that the b-transformation is included as well.
One gets,
LˆXY ≡ [X,Y ] + LXη + ιY (ιXH − dξ) , (2.10)
where the first two terms correspond to the usual Lie derivatives and the last term is a
b-transformation with b = ιXH − dξ. With this one verifies,
LˆXY− LˆYX = 2 JX,YKH . (2.11)
The exterior algebra on T ∗ provides a natural choice for spinors in a generalized ge-
ometry. For each X = X + ξ ∈ T ⊕ T ∗ we introduce ΓX which acts on φ ∈ ∧•T ∗ as,
ΓX · φ = ιXφ+ ξ ∧ φ , (2.12)
and with this one verifies that, {
ΓX,ΓY
} · φ = 2〈X,Y〉φ . (2.13)
In the standard way this yields the spin representation of the isometry group of the bilinear
form. In particular we get that the b transform, see eq. (2.8), acts as,
φ→ e−b∧ φ . (2.14)
In a similar way one finds how pure spinors transform under coordinate transformations.
They do not transform as an element of ∧•T ∗ but rather as a density:
x→ x′(x)⇒ φ(x)→ φ′(x′) =
√
det
∂x′
∂x
φ(x) . (2.15)
The Lie derivative action eq. (2.10) generalizes to spinors,
LˆX φ ≡
(
d−H ∧ )ΓX · φ+ ΓX · (d−H ∧ )φ
= LXφ− (ιXH − dξ) ∧ φ , (2.16)
3An isotropic subspace L ⊂ T ⊕ T ∗ is defined by ∀X, Y ∈ L : 〈X,Y〉 = 0. If the dimension of T ⊕ T ∗ is
2m, then the maximal dimension of L is given by m. Whenever the dimension of L is m, we talk about a
maximal isotropic subspace.
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which using eq. (2.14) is clearly compatible with eq. (2.10). On the spinors the Mukai
pairing gives an invariant (under the isometry group of 〈·, ·〉 connected to the identity)
bilinear form,
(
φ1, φ2
)
= σ(φ1) ∧ φ2|top , (2.17)
where φ1, φ2 ∈ ∧•T ∗ and σ reverses the order of the basis of the forms, i.e.,
σ
(
dx1 ∧ dx2 ∧ · · · ∧ dxr) = dxr ∧ dxr−1 ∧ · · · ∧ dx1 . (2.18)
There is a natural way to associate an isotropic subspace L of T ⊕ T ∗ to a given spinor φ:
X ∈ L⇔ ΓX · φ = 0 . (2.19)
Using eq. (2.13) one immediately shows that L is indeed isotropic. When L is maximally
isotropic one calls φ a pure spinor.
There are several equivalent definitions for a generalized complex structure. We choose
the one that is quite close to the usual definition of a complex structure. An H-twisted
generalized complex structure (HGCS) is defined as a linear map J : T ⊕ T ∗ → T ⊕ T ∗,
satisfying J 2 = −1, which preserves the natural pairing, 〈JX,JY〉 = 〈X,Y〉 for all X,Y ∈
T⊕T ∗ and for which the +i eigenbundle is involutive under the H-twisted Courant bracket.
The latter can be seen as an integrability condition similar to the the requirement that the
Nijenhuis tensor vanishes, but now the Lie bracket is replaced by the H-twisted Courant
bracket,
JX,YKH + J JJX,YKH + J JX,JYKH − JJX,JYKH = 0. (2.20)
A necessary requirement for a HGCS to exist is that the manifold M is even dimensional,
so from now on we take dimM = 2m. Note that if J is H-twisted, then e−bJ eb is (H+db)-
twisted. Writing (T ⊕ T ∗) ⊗ C = L⊕ L¯ where L (L¯) is the +i (−i) eigenbundle of J , we
see that L is a maximal isotropic subspace of (T ⊕ T ∗)⊗C. As a consequence, any HGCS
comes with a pure spinor φ defined by ΓX · φ = 0, ∀X ∈ L. In a physicists language this is
just the highest weight vector of the spinor representation.
Canonical examples of a GCS (with H = 0) are complex structures and symplectic
structures. Take for instance a complex structure J on T and ω ∈ ∧2T ∗ a closed non-
degenerate two-form, then both,
Jc =
(
J 0
0 −J t
)
, Js =
(
0 ω−1
−ω 0
)
, (2.21)
are generalized complex structures. For Jc the +i eigenspace consists of X ∈ T (1,0)⊕T ∗(0,1)
and the associated pure spinor is φ ∈ ∧(0,m)T ∗. For Js the +i eigenspace is given by
X = X − i ιXω with the corresponding pure spinor φ = ei ω∧ .
A generic HGCS interpolates between the two extreme cases, complex and symplectic
structures. The Newlander-Nirenberg and the Darboux theorems respectively guarantee
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the existence of natural local coordinates for a complex and a symplectic structure respec-
tively. Gualtieri extended this to an arbitrary HGCS [2]. By an appropriate diffeomor-
phism and b-transformation one can always turn a HGCS to the standard product GCS
Ck× (R2m−2k, ω). The integer k is called the type of the HGCS. In this sense, a 2m dimen-
sional manifold with a generalized complex structure is foliated by 2m − 2k dimensional
leaves of the form R2m−2k×{point} on which a symplectic form ω can be properly defined.
Transverse to the leaves, we can introduce complex coordinates zi with i ∈ {1, . . . , k},
such that the leaves are located at zi = constant (∀ i). Gualtieri’s theorem only holds for
neighborhoods of regular points. A generic feature of generalized complex geometry is that
loci might exist where the type jumps, one calls this phenomenon type changing.
A generalized H-twisted Ka¨hler structure is a set of two mutually commuting HGCS’s,
J+ and J− such that,
G(X,Y) = 〈J+X,J−Y〉, (2.22)
defines a positive definite metric on T⊕T ∗. Gualtieri [2] showed that for H = db (locally), a
generalized H-twisted Ka¨hler structure is precisely equivalent to the bihermitian geometry
which follows from a N = (2, 2) non-linear σ-model (as was introduced in section 2.1),
where,
J± = 1
2
(
J+ ± J− ω−1+ ∓ ω−1−
−(ω+ ∓ ω−) −(J t+ ± J t−)
)
, (2.23)
and where the Courant bracket is H-twisted. Untwisting the Courant bracket (i.e. taking
H = 0 in eq. (2.6)) one gets,
J± = 1
2
(
1 0
−b 1
) (
J+ ± J− ω−1+ ∓ ω−1−
−(ω+ ∓ ω−) −(J t+ ± J t−)
) (
1 0
+b 1
)
. (2.24)
This is the Gualtieri map.
The simplest example is ordinary Ka¨hler geometry where we choose J+ = J− = J , b =
0 and we get that J+ = Jc and J− = Js where ω is the Ka¨hler form, ω(X,Y ) = −g(X,JY ).
Another interesting example, first noted in [8] and worked out in [2], is provided by hyper-
Ka¨hler manifolds. We denote the complex structures by Ja, a ∈ {1, 2, 3}, satisfying JaJb =
−δab+ εabcJc. We call the three Ka¨hler two-forms ωa, ωa(X,Y ) = −g(X,JaY ). While this
is a Ka¨hler manifold, one can also choose4 J+ = J1 and J− = J2 leading to the situation
where ker[J+, J−] = 0. The generalized Ka¨hler structure is then given by,
J± =
(
1 0
∓ω3 1
) (
0 12
(
ω−11 ∓ ω−12
)
−(ω1 ∓ ω2) 0
) (
1 0
±ω3 1
)
, (2.25)
i.e. both J+ and J− are of symplectic type.
4A hyper-Ka¨hler manifold has an S2 of complex structures. Identifying J+ and J− with two non-
coinciding, non antipodal points leads to similar results.
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For generalized Ka¨hler geometries we have two generalized complex structures J+ and
J− and with each generalized complex structure we can associate a type, k+ and k− resp.
From eq. (2.24) one finds that
k± ≡ type (J±) = 1
2
corankR(ω
−1
+ ∓ ω−1− ) =
1
2
(
2m− rankR(ω−1+ ∓ ω−1− )
)
. (2.26)
We call (k+, k−) the type of the generalized Ka¨hler geometry. So we can also write,
(
k+, k−
)
=
1
2
(
dimker(J+ − J−),dimker(J+ + J−)
)
. (2.27)
As J+ and J− commute, we can write,(
T ⊕ T ∗)⊗ C = L++ ⊕ L+− ⊕ L−− ⊕ L−+, (2.28)
where L++ is the +i eigenbundle for both J+ and J−; L+− is the +i eigenbundle for J+
and the −i eigenbundle for J−; etc. Using the Gualtieri map eq. (2.25) and the hermiticity
of the metric w.r.t. both J+ and J− one verifies,
X+ ∈ L++ ⇔ X+ = X+ + (g − b)X+ and 1
2
(1− iJ+)X+ = X+ ,
X− ∈ L+− ⇔ X− = X− − (g + b)X− and 1
2
(1− iJ−)X− = X− ,
X¯+ ∈ L−− ⇔ X¯+ = X¯+ + (g − b)X¯+ and 1
2
(1 + iJ+)X¯+ = X¯+ ,
X¯− ∈ L−+ ⇔ X¯− = X¯− − (g + b)X¯− and 1
2
(1 + iJ−)X¯− = X¯− . (2.29)
We can now introduce pure spinors φ+ and φ− for J+ and J− resp. They are defined by,
ΓX+ · φ+ = ΓX− · φ+ = 0, ΓX+ · φ− = ΓX¯− · φ− = 0. (2.30)
Eq. (2.30) does not fix the normalization of the pure spinors φ+ and φ−. In [2] it was
shown that the integrability of the generalized complex structures guarantees the existence
of Y+ and Y− such that
5
dφ± = ΓY± · φ± . (2.31)
Explicit solutions for the pure spinors were provided in [17] (for the case d = 6 where
im
(
[J+, J−]g
−1
) 6= 0) and in [12] (for the general case). We will come back to this in the
next section.
Finally, a generalized Calabi-Yau geometry is a generalized Ka¨hler geometry for which
the pure spinors φ+ and φ− are globally defined, closed and they satisfy,(
φ+, φ¯+
)
= c
(
φ−, φ¯−
) 6= 0, (2.32)
5If instead of eq. (2.24) we would have taken the H-twisted generalized complex structures in eq. (2.23),
this relation would change to (d−H∧)φ± = ΓY± ·φ±, i.e. the exterior derivative is replaced by an H-twisted
analogue which is still nilpotent as H is a closed 3-form.
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where we denoted the complex conjugate of φ by φ¯ and where c is some non-zero constant.
In the current definition we consider a generalized Ka¨hler geometry where the complex
structures are integrable with respect to the untwisted Courant bracket. If instead we
would consider a generalized Ka¨hler geometry with respect to the twisted Courant bracket,
the definition of a generalized Calabi-Yau geometry would remain unchanged except that
the pure spinors are now not closed anymore but H-closed,
dφ± = H ∧ φ±. (2.33)
There is also some ambiguity in the current definition of a generalized Calabi-Yau geome-
try. Indeed we saw before that under a coordinate transformation a pure spinor does not
transform as an element of ∧•T ∗ but as a density. This is e.g. necessary to keep the Mukai
pairing invariant under coordinate transformations. This however makes the notion of a
closed pure spinor a coordinate dependent statement. Once again we will come back to
this in the next sections.
2.3 Supersymmetric σ-models in N = (2, 2) superspace
As a full off-shell description of N = (2, 2) non-linear σ-models in N = (2, 2) superspace is
known [6] (see also [8] and [10]), this geometry can be locally characterized in terms of a
single real potential (the Lagrange density)6. The construction starts from the observation
that the off-shell non-closing terms in the N = (2, 2) supersymmetry algebra in N = (1, 1)
superspace are all proportional to the commutator of the two complex structures [J+, J−].
Therefore in order to get off-shell closure one expects additional auxiliary fields in the
direction of im
(
[J+, J−]g
−1
)
while this will not be needed for ker[J+, J−] = ker(J+−J−)⊕
ker(J+ + J−).
Decomposing the tangent space as T = ker(J+−J−)⊕ker(J++J−)⊕ im
(
[J+, J−]g
−1
)
one indeed gets (conjectured in [8] and proven in [6]) that the first subspace gets parame-
terized by chiral, the second by twisted chiral [4] and the last one by semi-chiral N = (2, 2)
superfields [7]. The three types of superfields are defined by the following constraints7:
Semi-chiral superfields: lα˜, l
¯˜α, rµ˜, r
¯˜µ, α˜, ¯˜α, µ˜, ¯˜µ ∈ {1, · · · ns},
D¯+l
α˜ = D+l
¯˜α = D¯−r
µ˜ = D−r
¯˜µ = 0. (2.34)
Twisted chiral superfields: wµ, wµ¯, µ, µ¯ ∈ {1, · · · nt},
D¯+w
µ = D−w
µ = D+w
µ¯ = D¯−w
µ¯ = 0. (2.35)
Chiral superfields: zα, zα¯, α, α¯ ∈ {1, · · · nc},
D¯±z
α = D±z
α¯ = 0. (2.36)
6Introducing boundaries for the non-linear σ-model – relevant for the description of open strings in an
NSNS-background – reduces the N = (2, 2) supersymmetry to an N = 2 supersymmetry. Besides the
bulk geometry which is locally determined by the generalized Ka¨hler potential, one now gets a second real
potential which lives on the boundary and which is (partially) determined by the boundary conditions [15].
7We refer to the appendix for our conventions. We make a distinction between letters from the beginning
(α, β, γ, ...) and letters from the middle of the Greek alphabet (µ, ν, ρ, ...)
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Chiral and twisted chiral N = (2, 2) superfields have the same number of component fields
as N = (1, 1) superfields while semi-chiral N = (2, 2) superfields have twice as many, half
of which are – from N = (1, 1) superspace point of view – auxiliary.
The most general action involving these superfields and consistent with dimensions is
given by,
S = 4
∫
d2σ d2θ d2θˆ V (l, l¯, r, r¯, w, w¯, z, z¯), (2.37)
where the Lagrange density V (l, l¯, r, r¯, w, w¯, z, z¯) is an arbitrary real function of the semi-
chiral, the twisted chiral and the chiral superfields. It is defined modulo a generalized
Ka¨hler transformation,
V → V + F (l, w, z) + F¯ (l¯, w¯, z¯) +G(r¯, w, z¯) + G¯(r, w¯, z). (2.38)
As for the usual Ka¨hler case these generalized Ka¨hler transformations are essential for the
global consistency of the model, see e.g. the seminal work in [14]. Before proceeding, we
introduce some notation. We write,
MAB =
(
Vab Vab¯
Va¯b Va¯b¯
)
, (2.39)
where, (A, a) ∈ {(l, α˜), (r, µ˜), (w,µ), (z, α)} and (B, b) ∈ {(l, β˜), (r, ν˜), (w, ν), (z, β)}. The
subindices on V denote derivatives with respect to those coordinates. In this way e.g. we
get that Mzr is the 2nc × 2ns matrix given by,
Mzr =
(
Vαν˜ Vα¯˜ν
Vα¯ν˜ Vα¯¯˜ν
)
. (2.40)
Note that MTAB =MBA. We also introduce the matrix J,
J ≡ i
(
1 0
0 −1
)
, (2.41)
with 1 the unit matrix and using this we write,
CAB ≡ JMAB −MAB J, AAB ≡ JMAB +MAB J. (2.42)
Upon passing to N = (1, 1) superspace and after elimination of the auxiliary fields –
one gets the complex structures,
J+ =


J 0 0 0
M−1lr Cll M
−1
lr JMlr M
−1
lr Clw M
−1
lr Clz
0 0 J 0
0 0 0 J

 ,
J− =


M−1rl JMrl M
−1
rl Crr M
−1
rl Arw M
−1
rl Crz
0 J 0 0
0 0 −J 0
0 0 0 J

 ,
(2.43)
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where we labeled rows and columns in the order l, l¯, r, r¯, w, w¯, z, z¯. Note that once
semi-chiral fields are present, neither of the complex structures is diagonal. One easily
shows [8] that making a coordinate transformation which replaces rµ˜ and r
¯˜µ by Vα˜ and
V ¯˜α resp. while keeping the other coordinates as they are, diagonalizes J+. Similarly, a
coordinate transformation which goes from lα˜ and l
¯˜α to Vµ˜ and V ¯˜µ and keeping the other
coordinates fixed diagonalizes J−. This led to a reinterpretation of the generalized Ka¨hler
potential as a generating function for canonical transformations which interpolate between
the coordinate system in which J+ is diagonal and the one in which J− is diagonal [6].
From the second order action one reads off the metric g and the torsion two-form
potential b. One finds two natural expressions,
(
g − b+
)
(X,Y ) = Ω+(X,J+Y ) = dB
+ (X,J+Y ) ,(
g + b−
)
(X,Y ) = Ω−(X,J−Y ) = dB
− (X,J−Y ) . (2.44)
where Ω+ and Ω− are two (locally defined) closed two-forms linear in the generalized
Ka¨hler potential and H = db+ = db−. From eq. (2.44) one sees that b+ and b− resp. are
(2, 0)+(0, 2) forms w.r.t. J+ and J− resp. Explicitly we get,
Ω+ = −1
2


Cll Alr Clw Alz
−Arl −Crr −Arw −Crz
Cwl Awr Cww Awz
−Azl −Czr −Azw −Czz

 , (2.45)
Ω− =
1
2


Cll Clr Clw Clz
Crl Crr Crw Crz
Cwl Cwr Cww Cwz
Czl Czr Czw Czz

 . (2.46)
where we labeled rows and columns in the order (l, l¯, r, r¯, w, w¯, z, z¯). Locally we can write
Ω± = dB± where8,
2B+ = i Vl dl − i Vl¯ dl¯ − i Vr dr + i Vr¯ dr¯ + i Vw dw − i Vw¯ dw¯ − i Vz dz + iVz¯ dz¯, (2.47)
2B− = −i Vl dl + i Vl¯ dl¯ − i Vr dr + i Vr¯ dr¯ − i Vw dw + i Vw¯ dw¯ − i Vz dz + iVz¯ dz¯.(2.48)
One notices that Ω± are not uniquely determined. Indeed we get that,
Ω± ≃ Ω± + dξ± J±, (2.49)
where dξ+ and dξ− are (2, 0) + (0, 2) forms w.r.t. J+ and J− resp. Examples of this are
ξ+ = Vl dl + Vl¯ dl¯, ξ
+ = i Vl dl − i Vl¯ dl¯, ξ− = Vr dr + Vr¯ dr¯ and ξ− = i Vr dr − i Vr¯ dr¯. We
8The notation we use is such that Vl dl stands for ∂lα˜V dl
α˜ , Vl¯ dl¯ for ∂l ¯˜αV dl
¯˜α , etc.
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however will use9 the expressions in eqs. (2.45) and (2.46) as they are such that when no
chiral fields are present we can rewrite Ω+ as,
Ω+(X,Y ) = 2 g
(
X, (J+ − J−)−1Y
)
. (2.50)
Similarly, when there are no twisted chiral fields one gets,
Ω−(X,Y ) = 2 g
(
X, (J+ + J−)
−1Y
)
. (2.51)
Note that these expressions only exist in regular neighborhoods, at loci where type changing
occurs they might not exist. Using the previous expressions one also finds,
b− − b+ = 1
2
d
(− Vl dl − Vl¯ dl¯ + Vr dr + Vr¯ dr¯ − Vw dw − Vw¯ dw¯ + Vz dz + Vz¯ dz¯).(2.52)
We now turn back to generalized Ka¨hler geometry. It is clear that the type of J+ and
J− is now given by (k+, k−) = (nc, nt). With the expressions given above we have almost
all ingredients to write down explicit expressions for the pure spinors associated with J+
and J−. Rests us to specify the relation between b appearing in eqs. (2.24) and (2.29) and
b+ and b− appearing in eq. (2.44). We choose,
b = b+ +
1
2
d
(− Vl dl − Vl¯ dl¯ + Vz dz + Vz¯dz¯)
= b− +
1
2
d
(− Vr dr − Vr¯ dr¯ + Vw dw + Vw¯dw¯). (2.53)
Using the above one verifies along the lines of [12] that the pure spinors, eqs. (2.30), are
given by,
φ+ = dz¯
1 ∧ dz¯2 ∧ · · · ∧ dz¯nc ∧ eiΩ++Ξ+ ,
φ− = dw¯
1 ∧ dw¯2 ∧ · · · ∧ dw¯nt ∧ eiΩ−+Ξ− , (2.54)
where Ω± are given in eqs. (2.45) and (2.46) and Ξ± are given by,
Ξ+ =
1
2
d
(
Vl dl + Vl¯ dl¯ − Vz dz − Vz¯ dz¯
)
,
Ξ− =
1
2
d
(
Vr dr + Vr¯ dr¯ − Vw dw − Vw¯ dw¯
)
. (2.55)
The expressions for the pure spinors appear differently from those in [12] but they are
actually the same (except for complex conjugation). The pure spinors φ+ and φ− can still be
multiplied by a function f(z¯) and g(w¯) resp. (which play an important role in the analysis
of the transformation properties of the generalized Calabi-Yau conditions) without changing
the fact that they are closed but we reabsorbed them here by a holomorphic redefinition
of the chiral and twisted chiral coordinates. Note that when the model is parametrized
purely by twisted chiral superfields we find that iΩ++Ξ+ = −(iΩ−+Ξ−), while a model
parametrized by purely chiral superfields is characterized by iΩ+ + Ξ+ = iΩ− +Ξ−.
9These are the expressions introduced in [15]. In [14] and [12] a different choice is being used.
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Using these explicit expressions one verifies that,
(
φ+, φ¯+
)
= (−1)nc(nc+1)/2+nt+ns 2nt+2ns detN+(
φ−, φ¯−
)
= (−1)nt(nt+1)/2 2nc+2ns detN− , (2.56)
where in an obvious notation,
N+ =

 Vll¯ Vlr Vlw¯Vr¯l¯ Vr¯r Vr¯w¯
Vwl¯ Vwr Vww¯

 , (2.57)
and,
N− =

 Vll¯ Vlr¯ Vlz¯Vrl¯ Vrr¯ Vrz¯
Vzl¯ Vzr¯ Vzz¯

 . (2.58)
Viewing the result of the Mukai pairing as a 4ns+2nt+2nc-form, one should multiply the
expressions in eq. (2.56) with dL ∧ dL¯ ∧ dR ∧ dR¯ ∧ dW ∧ dW¯ ∧ dZ ∧ dZ¯ where dL stands
for dl1 ∧ dl2 ∧ · · · ∧ dlnt etc. The pure spinors in eq. (2.54) are manifestly closed and using
eq. (2.56) the generalized Calabi-Yau condition eq. (2.32) becomes,
det
(
N+
)
det
(
N−
) = constant 6= 0, (2.59)
fully consistent with the results in [12]. This has to be contrasted with the results obtained
in [11] where the one-loop counterterm for a general non-linear σ-model in N = (2, 2)
superspace was calculated. The result is given by,
S1−loop ∝
1
ε
∫
d2σ d2θ d2θˆ ln
det
(
N+
)
det
(
N−
) . (2.60)
This vanishes provided,
det
(
N+
)
det
(
N−
) = ±|f+(l, w, z)|2|f−(r, w¯, z)|2, (2.61)
for some functions f+ and f−. This is clearly a weaker condition than the generalized
Calabi-Yau condition in eq. (2.59)! While eq. (2.61) guarantees that the generalized
Ka¨hler geometry is N = (2, 2) superconformal at the quantum level, the stronger con-
dition eq. (2.59) has to be satisfied in order that the generalized Ka¨hler geometry provides
a solution to the supergravity equations of motion. We will reconsider this in section 4
using concrete examples.
Let us conclude this section with a few interesting observations. As shown above we
can (locally) define the two-forms Ω+, Ω−, once we know the metric g and the torsion
two-form potential b, see e.g. expressions in eq. (2.44). Then constructing the pure spinors
associated with g and b requires us to introduce the two-forms Ξ+ and Ξ− as in eqs. (2.55).
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Now, we can turn the reasoning upside down. Consider the two pure spinors given in
eqs. (2.54) we can compute (locally) the metric and the torsion two-form potential once we
know the two-forms Ω+, Ω−, Ξ+ and Ξ−:
g =
1
2
(
Ω+J+ +Ω
−J− + Ξ
+ − Ξ−) , (2.62)
and,
b =
1
2
(
Ω−J− − Ω+J+ − Ξ+ − Ξ−
)
. (2.63)
Consider now the particular case where ker[J+, J−] = 0, i.e. the σ-model is solely
described in terms of semi-chiral coordinates, then further simplifications occur [8]. We
introduce another closed two-form,
Ω(X,Y ) = 4 g
(
X, [J+, J−]
−1Y
)
, (2.64)
which is explicitly given by,
Ω =
(
0 Mlr
−Mrl 0
)
, (2.65)
where we labeled rows and columns in the order (l, l¯, r, r¯). One gets that Ω is a (2, 0)+(0, 2)
two-form with respect to both J+ and J−,
Ω(J+X,J+Y ) = −Ω(X,Y ), Ω(J−X,J−Y ) = −Ω(X,Y ), (2.66)
and we also have that,
Ω = −2Ξ+ = 2Ξ−, (2.67)
where Ξ± were defined in eq. (2.55). The relation of Ω with the previously introduced
two-forms Ω+ and Ω− is simple,
2Ω
(
X, (J+ + J−)Y
)
= −Ω+(X,Y ), 2Ω(X, (J+ − J−)Y ) = +Ω−(X,Y ). (2.68)
In terms of Ω we get particularly simple expressions for the metric g and the Kalb-Ramond
two-form b,
g(X,Y ) =
1
4
Ω
(
X, [J+, J−]Y
)
,
b(X,Y ) =
1
4
Ω
(
X, {J+, J−}Y
)
. (2.69)
Note that Ω, and as a consequence b as well, are both globally well defined. This is indeed
so modulo loci where type changing occurs [2].
It is interesting to note here that while chiral (or twisted chiral) coordinates are deter-
mined modulo a coordinate transformation involving only chiral (or twisted chiral) coordi-
nates such that the redefined fields are still chiral (or twisted chiral), the parametrization
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freedom becomes significantly larger once semi-chiral coordinates are present as well. In-
deed, in that case coordinate transformations of the form l→ l′(l, z, w) and r→ r′(r, z, w¯)
are still compatible with the constraints. Once semi-chiral fields enter the picture the am-
biguity on the exact form of the generalized Ka¨hler potential becomes also much larger
than what is stated in eq. (2.38). Consider e.g. the case where only semi-chiral fields are
present. Making the coordinate transformation [8],
qα˜ = lα˜, pα˜ = Vα˜, (2.70)
diagonalizes J+ and the closed two-form Ω(X,Y ) = 4 g(X, [J+ , J−]
−1Y ) (see eq. (2.65))
reduces to its canonical form,
Ω =
(
0 1
−1 0
)
. (2.71)
The coordinate transformation,
qµ˜ = Vµ˜, p
µ˜ = rµ˜, (2.72)
diagonalizes J− and again the two-form Ω reduces to its canonical form. It is clear that
the coordinate transformations in either of the two coordinate systems, which can be made
without altering the structure, are holomorphic with respect to the diagonalized complex
structure and canonical with respect to the Poisson structure Ω−1. A little thought shows
that this ambiguity gets reflected by the fact that the potential is only determined modulo
a Legendre transform [9]. I.e. both Vˆ and V ,
Vˆ (lˆ,
¯ˆ
l, rˆ, ¯ˆr) = V (l, l¯, r, r¯)− F (l, lˆ)− F¯ (l¯, ¯ˆl) +G(r, rˆ) + G¯(r¯, ¯ˆr), (2.73)
describe exactly the same semi-chiral geometry. Again this fits well into the interpretation
of the potential as the generating function of a canonical transformation [6] which is indeed
only defined up to a Legendre transformation.
The previous discussion also gives us a systematic way to determine the dependence of
the generalized Ka¨hler potential on the semi-chiral fields. Indeed starting from the complex
structures in some coordinates one first determines the coordinates which diagonalize J+
and bring the (possibly degenerate) Poisson structure [J+, J−]g
−1 in its canonical form.
Subsequently one finds the coordinates which do the same for J−. Playing around with
holomorphic canonical coordinate transformations in either coordinate system will usually
lead to a relatively simple set of first order differential equations for the generalized Ka¨hler
potential.
Finally, one verifies that the transformation,
V (l, l¯, r, r¯, w, w¯, z, z¯)→ −V (l, l¯, r¯, r, z, z¯, w, w¯), (2.74)
maps {g,H, J+, J−} to {g,H, J+,−J−}. So it can be viewed as a local realization of mirror
symmetry. Knowing how mirror symmetry is realized locally also allows us to investigate
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how it effects the pure spinors (2.54). Namely, under a mirror symmetry φ+ and φ− are
interchanged up to a b-transform,
φ+ −→ e−bm ∧ φ−, (2.75)
φ− −→ e−bm ∧ φ+, (2.76)
with bm given by,
bm =
1
2
d
(
Vl dl + Vl¯ dl¯ + Vr dr + Vr¯ dr¯
)
. (2.77)
Note that when there are only semi-chiral superfields (or no semi-chiral superfields at all)
to parametrize the model, bm is zero.
3 Supersymmetric WZW-models
Given a reductive Lie group10 G and g ∈ G a group element in some representation with
index x (see the appendix). The N = (1, 1) WZW action in N = (1, 1) superspace is given
by,
S = − k
πx
∫
Σ
d2σ d2θTr
(
D+gg
−1D−gg
−1
)
+
k
πx
∫
Ξ
dt d2σ d2θTr
(
∂tgg
−1
{
D+gg
−1,D−gg
−1}), (3.1)
where k ∈ N, Σ is the worldsheet and Ξ is a three-dimensional manifold which has the
worldsheet as its boundary, ∂Ξ = Σ. We denoted the “third coordinate” on Σ by t. The
equations of motion read,
D+
(
D−gg
−1
)
= D−
(
g−1D+g
)
= 0. (3.2)
Besides the N = (1, 1) superconformal invariance the WZW action is also invariant under
the affine transformations,
g → h− g h+, (3.3)
where h± ∈ G and,
D+h− = D−h+ = 0. (3.4)
In [16] it was shown that the model has an N = (2, 2) supersymmetry provided G is
an even-dimensional reductive Lie group. The extra supersymmetry transformations can
be written as,
(
g−1δg
)A
= ε+JA+B
(
g−1D+g
)B
+ ε−
(
LR−1
)A
CJ
C
−D
(
RL−1
)D
B
(
g−1D−g
)B
, (3.5)
10A reductive Lie group is a Lie group for which the Lie algebra can be written as the sum of an abelian
and a semi-simple Lie algebra.
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or, (
δgg−1
)A
= ε+
(
RL−1
)A
CJ
C
+D
(
LR−1
)D
B
(
D+gg
−1
)B
+ ε−JA−B
(
D−gg
−1
)B
, (3.6)
where the complex structures on the Lie algebra, JA±B , are related to those on the Lie
group, Ja±b, by,
J
A
+B = L
A
c J
c
+d L
d
B , J
A
−B = R
A
c J
c
−dR
d
B , (3.7)
where LBa and R
B
a are the left and right invariant vielbeins (see the appendix for our
conventions). Note that (LR−1)AB is a group transformation in the adjoint representation.
The conditions for N = (2, 2) supersymmetry (as given at the beginning of section 2) can
be reformulated as conditions on the Lie algebra [16]:
1. JA±B are constant and satisfy J
A
±C J
C
±B = −δAB ,
2. JC±A J
D
±B ηCD = ηAB ,
3. fDEA J
D
±B J
E
±C + fDEB J
D
±C J
E
±A + fDEC J
D
±A J
E
±B = fABC .
In a basis where a complex structure is diagonal such that it has eigenvalue +i on TA and
eigenvalue −i on TA¯, the second condition simply states that ηAB = ηA¯B¯ = 0 and the last
condition becomes equivalent to fABC = fA¯B¯C¯ = 0.
These conditions were solved in [16]. There it was shown that a complex structure on
the Lie algebra is almost fully characterized by a Cartan decomposition where the complex
structures are diagonal on the generators corresponding with positive (negative) roots with
eigenvalue +i (−i). The complex structure maps the Cartan subalgebra (CSA) to itself
such that the Cartan-Killing metric is hermitian. As any two Cartan decompositions of
the Lie algebra are related through group conjugation, the remaining freedom lies in the
choice of the complex structure on the Lie algebra.
Consider now the transformation in eq. (3.3) with h+ and h− constant. Under this the
complex structures transform as,
J
A
+B → J′A+B =
(
h−1+ J+h+
)A
B ,
J
A
−B → J′A−B =
(
h−J−h
−1
−
)A
B , (3.8)
where h+ and h− are now in the adjoint representation. Only the isometries which leave
the complex structures invariant are compatible with the N = (2, 2) supersymmetry.
We focus now on one of the two complex structures on the Lie algebra which we will call
J. Using eq. (3.8) one finds that invariance of J under an infinitesimal isometry generated
by TA requires,
fAD
C
J
D
B = J
C
D fAB
D. (3.9)
This condition is easily analyzed by choosing a complex basis for the Lie algebra such that
J is diagonal. One finds that eq. (3.9) is satisfied provided TA belongs to the Cartan sub
algebra and it is immediate that J′ = J in eq. (3.8) iff. h+ and h− are in the maximal torus
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of the group. This was to be expected as precisely the group elements which belong to
the maximal torus of the group leave the Cartan decomposition invariant. The previous
discussion holds for constant isometries. In order to determine the affine extensions of it
one needs more information about the superfield content of the particular model under
study as will be illustrated in explicit examples later on.
Concluding: a manifest N = (2, 2) supersymmetric formulation of WZW-models will
not be invariant under the full affine symmetry group, eqs. (3.3) and (3.4) but only under
a maximal abelian subset of those. The fact that generically the commutator of an (N =
(1, 1)) isometry with the second supersymmetry yields a “new” supersymmetry was already
noted in [18] and [19] where the author(s) propose that the action of such isometries should
be paired with a simultaneous transformation of the complex structure. From the previous
discussion this is now clear. Performing a group transformation eq. (3.3) which does not
belong to the maximal torus brings one to another Cartan decomposition of the Lie algebra
implying a (continuous) movement in the moduli space of the complex structure.
Let us now turn to the superfield content of a particular WZW-model. Once a choice
for J+ and J− on the Lie algebra is made, the field content is completely fixed. In order
that no semi-chiral fields are needed,
[J+, G J−G
−1] = 0, (3.10)
should hold where G is an arbitrary element of the group in the adjoint representation.
Writing G = ei α and analyzing eq. (3.10) through first order in α shows that this is
only possible on SU(2) × U(1) [13]. All other groups will necessarily require semi-chiral
superfields.
In general the number of chiral (twisted chiral resp.) directions is given by the dimen-
sion of ker(J+−G J−G−1) (ker(J++G J−G−1) resp.), with once again G an arbitrary group
element in the adjoint representation. The remaining directions will then be parameterized
by semi-chiral super fields.
An obvious choice is given by taking both complex structures on the Lie algebra to be
equal, i.e. J− = J+. In this case ker(J++G J−G
−1) is always zero and ker(J+−G J−G−1)
can easily be analyzed through first non-trivial order in the group parameters. An explicit
check of this for the non-abelian reductive rank 2 Lie groups is given in table 1. From these
examples one expects that the choice J− = J+ maximizes the number of semi-chiral fields
needed to parameterize the model.
Another obvious choice for the complex structures on the Lie algebra is given by
taking J+ and J− to be equal on the roots but having opposite sign on the CSA, i.e.
J−|roots = J+|roots and J−|CSA = −J+|CSA. Analyzing both ker(J+ + G J−G−1) and
ker(J+ − G J−G−1) through forst non-trivial order gives the superfield content which for
rank 2 non-abelian reductive group manifolds is given in table 2. So here we anticipate
that this choice minimizes the number of semi-chiral superfields.
A systematic analysis of the superfield content as a function of the choices made for
the complex structures on the Lie algebra seems certainly feasible and is left to future
investigation.
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Group ns nc
SU(2) × U(1) 1 0
SU(2)× SU(2) 1 1
SU(3) 2 0
SO(5) 2 1
G2 3 1
Table 1. The superfield content for the rank 2 non-abelian reductive Lie groups when taking
J
−
= J+ on the Lie algebra. The number of semi-chiral and chiral superfields resp. are denoted by
ns and nc resp.
Group ns nc nt
SU(2) × U(1) 0 1 1
SU(2)× SU(2) 1 0 1
SU(3) 1 1 1
SO(5) 1 1 2
G2 2 1 2
Table 2. The superfield content for the rank 2 non-abelian reductive Lie groups when taking
J
−
|roots = J+|roots and J−|CSA = −J+|CSA on the Lie algebra. The number of semi-chiral,
chiral and twisted chiral superfields resp. are denoted by ns, nc and nt resp.
4 SU(2)× U(1)
The simplest non-trivial N = (2, 2) WZW-model is the one on SU(2)× U(1) (or the Hopf
surface S3 × S1). Its formulation in terms of one chiral and one twisted chiral superfield
was introduced in [13]. An alternative formulation in terms of a semi-chiral multiplet was
presented in [8] (see also the discussion in [20]). In this section we will systematically
analyze the possible choices one can make for the left and right complex structures and
identify the superfields and generalized Ka¨hler potential.
4.1 The complex structures on the Lie algebra
We denote the three Pauli matrices by σj with j ∈ {1, 2, 3} and the 2 × 2 unit matrix
by σ0. We take the generators of the Lie algebra of SU(2) × U(1) in the fundamental
representation as,
h =
1
2
(
σ3 + i σ0
)
, h¯ =
1
2
(
σ3 − i σ0
)
, e =
1
2
(
σ1 + i σ2
)
, e¯ =
1
2
(
σ1 − i σ2
)
, (4.1)
where e (e¯) corresponds to the positive (negative) root. Labelling rows and columns in the
order (heh¯e¯), we get so two possibilities for the complex structure on the Lie algebra,
J1 =
(
iσ0 0
0 −iσ0
)
, J2 =
(
−iσ3 0
0 iσ3
)
, (4.2)
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reflecting the two possible choices we can make for the complex structure on the CSA.
Now we still have to account for the freedom in choosing a Cartan decomposition. As two
Cartan decompositions are related by a group conjugation, we get the general expression
for the complex structure by taking GJG−1 where G is a group element in the adjoint
representation. In this way we get,
J1(θ, φ) = i
(
cos θ σ0 sin θ e
−iφ σ2
sin θ eiφ σ2 − cos θ σ0
)
,
J2(θ, φ) = i
(
− cos θ σ3 + sin θ
(
sinφσ1 + cosφσ2
)
0
0 cos θ σ3 − sin θ
(
sinφσ1 − cosφσ2
)
)
,
(4.3)
where φ ∈ [0, 2π] and θ ∈ [0, π]. Note that we could have obtained the above expressions
in a different way. As SU(2) × U(1) allows for an N = (4, 4) supersymmetry [16] we
can find an additional one-parameter family of complex structures K1(φ) and K2(φ) such
that {J1,K1(φ)} = {J2,K2(φ)} = 0. Using this one immediately gets J1(θ, φ) = cos θ J1 +
sin θK1(φ) and J2(θ, φ) = cos θ J2 + sin θK2(φ).
4.2 The complex geometry of the group
We parameterize a group element g in the fundamental representation as,
g = eiρ
(
cosψ eiϕ1 sinψ eiϕ2
− sinψ e−iϕ2 cosψ e−iϕ1
)
, (4.4)
where ϕ1, ϕ2, ρ ∈ Rmod2π and ψ ∈ [0, π/2]. So locally this has the topology of a line
segment parameterized by ψ times a T 3 parameterized by ρ, ϕ1 and ϕ2. At the endpoints
of the line, ψ = 0 or ψ = π/2 resp., the T 3 degenerates to a T 2 parameterized by ρ
and ϕ1 or ρ and ϕ2 resp. The group manifold S
3 × S1 can also be viewed as a rational
Hopf surface defined by
(
C2\(0, 0))/Γ where elements of Γ act on (w, z) ∈ C2\(0, 0) as
(w, z) → e2πn(w, z), n ∈ Z. This becomes manifest when identifying,
w = cosψ e−ρ−iϕ1 ,
z = sinψ e−ρ+iϕ2 , (4.5)
where ψ, ρ, ϕ1 and ϕ2 were introduced above.
With this the metric is given by,
ds2 =
k
2π
(
dρ2 + dψ2 + cos2 ψ dϕ21 + sin
2 ψ dϕ22
)
, (4.6)
and the 3-form is,
H =
k
2π
sin 2ψ dϕ1 ∧ dϕ2 ∧ dψ. (4.7)
We can choose a gauge such that bϕ1ϕ2 = −k cos 2ψ/4π and all other components zero.
As we can choose J− independently of J+ we get four different choices for the complex
structures,
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1. Ja+b = L
a
C J1(θ, φ)
C
D L
D
b , J
a
−b = R
a
C J2(θ
′, φ′)CD R
D
b .
2. Ja+b = L
a
C J2(θ, φ)
C
D L
D
b , J
a
−b = R
a
C J1(θ
′, φ′)CD R
D
b .
3. Ja+b = L
a
C J1(θ, φ)
C
D L
D
b , J
a
−b = R
a
C J1(θ
′, φ′)CD R
D
b .
4. Ja+b = L
a
C J2(θ, φ)
C
D L
D
b , J
a
−b = R
a
C J2(θ
′, φ′)CD R
D
b .
The first and second choices give commuting complex structures where both ker(J+ −
J−) and ker(J+ + J−) are two-dimensional. So here we will end up with a superspace
description in terms of one chiral superfield z and one twisted chiral superfield w. For the
last two choices we find that almost everywhere11 ker[J+, J−] = 0 holds and we expect a
superspace description in terms of a semi-chiral multiplet (l, r). We can explicitly write
these coordinates as a function of the coordinates on the group manifold we previously
introduced in eq. (4.4).
i. The first choice
For the first choice we start by introducing,
w˜ = cosψ e−ρ−i ϕ1 , z˜ = sinψ e−ρ+i ϕ2 , (4.8)
which diagonalizes J+ and J− in the case where θ = φ = θ
′ = φ′ = 0. Making the
coordinate transformation,
x1 = −eiφ cos θ2 w˜ + i sin θ2 ¯˜z, x¯1 = −e−iφ cos θ2 ¯˜w − i sin θ2 z˜,
x2 = e
iφ cos θ2 z˜ + i sin
θ
2
¯˜w, x¯2 = e
−iφ cos θ2
¯˜z − i sin θ2 w˜ ,
(4.9)
diagonalizes J+ for generic values of θ and φ. Making a holomorphic transformation (w.r.t.
J+),
w = − cos θ′2 x1 − i sin θ
′
2 e
iφ′x2, w¯ = − cos θ′2 x¯1 + i sin θ
′
2 e
−iφ′ x¯2 ,
z = i sin θ
′
2 e
−iφ′x1 + cos
θ′
2 x2, z¯ = −i sin θ
′
2 e
iφ′ x¯1 + cos
θ′
2 x¯2 ,
(4.10)
diagonalizes J− for arbitrary values of θ
′ and φ′ as well. One finds the generalized Ka¨hler
potential,
V (z, w, z¯, w¯) =
k
4π
(∫ zz¯
ww¯ dq
q
ln (1 + q)− 1
2
(lnww¯)2
)
, (4.11)
which correctly reproduces the metric,
ds2 =
k
2π
1
zz¯ +ww¯
(
dz dz¯ + dw dw¯
)
, (4.12)
and torsion,
H =
k
4π
( w¯
(zz¯ + ww¯)2
dz ∧ dz¯ ∧ dw − w
(zz¯ + ww¯)2
dz ∧ dz¯ ∧ dw¯ +
z¯
(zz¯ + ww¯)2
dz ∧ dw ∧ dw¯ − z
(zz¯ + ww¯)2
dz¯ ∧ dw ∧ dw¯
)
, (4.13)
11At certain points type changing occurs, more on this in section 4.4.2.
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in these coordinates.
ii. The second choice
This case is almost identical to the first one except that our starting point is now,
w˜ = cosψ e+ρ−i ϕ1 , z˜ = sinψ e+ρ+i ϕ2 , (4.14)
instead of eq. (4.8), so ρ→ −ρ. The resulting generalized Ka¨hler potential is still given by
eq. (4.11).
iii. The third choice
We get that,
l = w, l¯ = w¯, r =
w¯
z
, r¯ =
w
z¯
, (4.15)
where z and w are the expressions given in eq. (4.10). The generalized Ka¨hler potential is
now,
V (l, l¯, r, r¯) =
k
4π
(
ln
l
r¯
ln
l¯
r
−
∫ rr¯ dq
q
ln
(
1 + q
))
. (4.16)
Using this we calculate the metric,
ds2 =
k
2π
( 1
ll¯
dl dl¯ +
1
rr¯
1
1 + rr¯
drdr¯ − 1
lr
1
1 + rr¯
dl dr − 1
l¯r¯
1
1 + rr¯
dl¯ dr¯
)
, (4.17)
and the torsion 3-form,
H =
k
4π
(1
l
1
(1 + rr¯)2
dl ∧ dr ∧ dr¯ − 1
l¯
1
(1 + rr¯)2
dl¯ ∧ dr ∧ dr¯
)
. (4.18)
The complex structures are,
J+ =


+i 0 0 0
0 −i 0 0
0 −2i r
l¯
+i 0
+2i r¯l 0 0 −i

 ,
J− =


i 0 0 −2i lr¯ 11+rr¯
0 −i +2i l¯r 11+rr¯ 0
0 0 +i 0
0 0 0 −i

 , (4.19)
where we labelled the rows and columns in the order ll¯rr¯.
iv. The fourth choice
Here as well the semi-chiral coordinates are given by eq. (4.15) but now with z and w as
in the second choice. The generalized Ka¨hler potential and all other expressions are then
obviously the same as for the third choice.
As mentioned before, the potential in eq. (4.16) is only determined modulo a Legendre
formulation (2.73). For completeness we give here three alternative forms. In the first we
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Legendre transform with respect to l and l¯ which gives,
V1(l
′, l¯′, r, r¯) = V (l, l¯, r, r¯)− k
4π
(
ln l ln l′ + ln l¯ ln l¯′
)
=
k
4π
(
− ln l′ ln l¯′ − ln l′ ln r¯ − ln l¯′ ln r
−
∫ rr¯ dq
q
ln(1 + q)
)
, (4.20)
with,
l′ =
l¯
r
, l¯′ =
l
r¯
. (4.21)
Performing a further coordinate transformation,
r′ =
1
r
, r¯′ =
1
r¯
, (4.22)
results in the potential (modulo terms which can be removed by a generalized Ka¨hler
transformation),
V2(l
′, l¯′, r′, r¯′) =
k
4π
(
− ln l
′
r′
ln
l¯′
r¯′
+
∫ r′r¯′ dq
q
ln
(
1 + q
))
, (4.23)
which is recognized as the “mirror transform” of eq. (4.16).
An alternative form is obtained by Legendre transforming eq. (4.16) with respect to r
and r¯. This results in,
V3(l, l¯, r
′, r¯′) = V (l, l¯, r, r¯)− k
4π
(
ln r ln r′ + ln r¯ ln r¯′
)
=
k
4π
(
− ln r′ ln r¯′ − ln l ln r¯′ − ln l¯ ln r′
+
∫ ll¯r′r¯′ dq
q
ln
(
1±
√
1− 4q)− ln 2 ln(ll¯r′r¯′)) , (4.24)
where,
r′ =
r¯
l
1
1 + rr¯
, (4.25)
and the last term in eq. (4.24) can be removed by a generalized Ka¨hler transformation. The
mirror transform of eq. (4.24) is obtained by taking the Legendre transform of eq. (4.23)
with respect to r′ and r¯′,
V4(l, l¯, r
′, r¯′) = V2(l, l¯, r, r¯) +
k
4π
(
ln r ln r′ + ln r¯ ln r¯′
)
=
k
4π
(
ln r′ ln r¯′ + ln l ln r′ + ln l¯ ln r¯′
−
∫ ll¯r′r¯′ dq
q
ln
(
1±
√
1− 4q)+ ln 2 ln(ll¯r′r¯′)) , (4.26)
where,
r′ =
r¯
l¯
1
1 + rr¯
, (4.27)
and once again we can remove the last term in the potential by a generalized Ka¨hler
transformation.
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4.3 Relating the semi-chiral and the chiral/twisted chiral formulations
The simple relations in eq. (4.15) suggest an equally simple relation at the level of the
σ-models. In [9] it was shown that – provided an adequate isometry is present – a semi-
chiral multiplet is T-dual to a pair of superfields consisting of a chiral and a twisted chiral
superfield. In [21]-[24] the underlying gauge structure has been developed. In [25] it was
noted that T-dualizing along the S1 of S1×S3 requires an isometry of the aforementioned
type and therefore should map the chiral/twisted chiral description to the semi-chiral de-
scription and vice-versa. We will use that observation here in a slightly different setting.
Our starting point is the potential in eq. (4.16). From the discussion in section 4.2 and
eq. (4.15), it is clear that in order to dualize along the S1 of S3×S1, the relevant isometry
is given by,
δl = ǫ l, δl¯ = ǫ l¯, δr = 0, δr¯ = 0, (4.28)
where ǫ ∈ R and constant. The potential eq. (4.16) is invariant modulo a generalized
Ka¨hler transformation (i.e. it is invariant modulo superspace total derivative terms). We
generalize the approach developed in [26] and introduce an (auxiliary) semi-chiral multiplet
lˆ,
¯ˆ
l, rˆ, ¯ˆr which under the isometry transforms as,
δlˆ = ǫ ln l, δ
¯ˆ
l = ǫ ln l¯, δrˆ = ǫ ln r, δ ¯ˆr = ǫ ln r¯. (4.29)
The potential,
V0 =
k
4π
(
ln
l
r¯
ln
l¯
r
−
∫ rr¯ dq
q
ln
(
1 + q
)− lˆ − ¯ˆl + rˆ + ¯ˆr), (4.30)
is now exactly invariant under the isometry given by eqs. (4.28) and (4.29). Adding the
extra terms did not change anything as they are superspace total derivative terms. We now
gauge the isometry. The gauge parameters ǫl, ǫ¯l¯, ǫr and ǫ¯r¯ form a semi-chiral multiplet,
D¯+ǫl = D+ǫ¯l¯ = D¯−ǫr = D−ǫ¯r¯ = 0. (4.31)
We introduce the unconstrained gauge fields X ∈ R and Y, Y¯ (= Y †) ∈ C. The potential,
V1 = V0 +
k
4π
(
iX ln
l
l¯
+
1
2
X2 + Y ln r + Y¯ ln r¯
)
, (4.32)
is invariant under the gauge transformations,
δl = ǫl l , δl¯ = ǫ¯l¯ l¯ , δr = 0 , δr¯ = 0 ,
δlˆ = ǫl ln l , δ
¯ˆ
l = ǫ¯l¯ ln l¯ , δr = ǫr ln r , δ
¯ˆr = ǫ¯r¯ ln r¯ ,
δX = −i(ǫl − ǫ¯l¯) , δY = ǫl − ǫr , δY¯ = ǫ¯l¯ − ǫ¯r¯ . (4.33)
The gauge invariant fieldstrengths are given by,
F = iD+D¯−
(
X + i Y
)
, F¯ = i D¯+D−
(
X − i Y¯ ),
G = iD+D−Y¯ , G¯ = i D¯+D¯−Y . (4.34)
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Introducing the Lagrange multipliers u, u¯, v, v¯ which are unconstrained complex super-
fields, we write the first order potential,
V2 = V1 +
k
4π
(
u F¯ + u¯ F + v G¯+ v¯ G
)
, (4.35)
which is equivalent to the original (ungauged) model. Indeed integrating over the Lagrange
multipliers u and v puts the fieldstrengths to zero and the gauge fields can be gauged away.
Upon integrating eq. (4.35) by parts we get,
V2 = V1 − k
4π
(
iX ln
w
w¯
+ Y ln
w¯
z
+ Y¯ ln
w
z¯
)
, (4.36)
where the twisted chiral field w and the chiral field z are defined by,
w = e−D¯+D−u, w¯ = e+D+D¯−u¯,
z = ei D¯+D¯−v, z¯ = eiD+D−v¯ . (4.37)
The T-dual model is obtained by integrating eq. (4.36) over the gauge fields X, Y and Y¯ .
Doing this gives the equations of motion,
X = i ln
w l¯
w¯ l
, r =
w¯
z
, r¯ =
w
z¯
. (4.38)
Implementing this in eq. (4.36), we get the second order potential,
V3 =
k
4π
(∫ zz¯
ww¯ dq
q
ln (1 + q)− 1
2
(lnww¯)2 + · · ·
)
, (4.39)
where the omitted terms can be eliminated through a generalized Ka¨hler transformation.
This expression indeed agrees with the one given in eq. (4.11).
Let us now briefly discuss the inverse transformation where we will follow a slightly
different strategy. Starting point is eq. (4.11). The U(1) transformation acts now on the
fields as,
δz = ε z, δw = εw. (4.40)
In order to make eq. (4.11) exactly invariant under this we add total derivative terms and
our starting point becomes,
V (z, w, z¯, w¯) =
k
4π
( ∫ zz¯
ww¯ dq
q
ln (1 + q)− 1
4
(
ln
z
z¯
)2
+
1
4
(
ln
w
w¯
)2
−1
4
(
ln
zz¯
ww¯
)2
+
α
2
ln
z
z¯
ln
w
w¯
)
, (4.41)
where α ∈ R. Any value of α is allowed as it multiplies a superspace total derivative term.
In order to gauge the isometry we introduce real gauge potentials Y , Y˜ and Yˆ , transforming
as,
δY = i
(
εz − ε¯z¯
)
, δY˜ = i
(
εw − ε¯w¯
)
, δYˆ = εw + ε¯w¯ − εz − ε¯z¯, (4.42)
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where εw is twisted chiral and εz chiral. The gauge invariant field strengths are given by
D¯+(Y −Y˜ −iYˆ ), D¯−(Y +Y˜ −iYˆ ) and their complex conjugates. Using Lagrange multipliers
we impose that the fieldstrengths vanish. Upon integrating by parts we obtain in this way
the first order potential,
V =
k
4π
(1
4
Y 2 − 1
4
Y˜ 2 − α
2
Y Y˜ +
∫ eYˆ dq
q
ln (1 + q)− 1
4
Yˆ 2
+
i Y
2
ln
lr
l¯r¯
+
i Y˜
2
ln
l¯r
lr¯
+
Yˆ
2
ln ll¯rr¯
)
, (4.43)
where l and r form a semi-chiral multiplet. The equations of motion for Y , Y˜ and Yˆ give,
Y = −i ln
(
l
l¯
) 1+α
1+α2
(r
r¯
) 1−α
1+α2 ,
Y˜ = −i ln
(
l
l¯
) 1−α
1+α2
( r¯
r
) 1+α
1+α2
,
eYˆ =
1
2X
(
1− 2X ±
√
1− 4X), with X = ll¯rr¯. (4.44)
Implementing this in the first order potential gives,
V (l, l¯, r, r¯) =
k
4π
(
− (1 + α)
2
2(1 + α2)
ln l ln l¯ − (1− α)
2
2(1 + α2)
ln r ln r¯ +
1− α2
2(1 + α2)
(
ln l ln r + ln l¯ ln r¯
)− 3 + α2
2(1 + α2)
(
ln l ln r¯ + ln l¯ ln r
)
+
∫ ll¯rr¯ dq
q
ln
(
1±
√
1− 4q)) , (4.45)
or alternatively,
V (l, l¯, r, r¯) =
k
4π
( (1− α)2
2(1 + α2)
ln l ln l¯ +
(1 + α)2
2(1 + α2)
ln r ln r¯ +
3 + α2
2(1 + α2)
(
ln l ln r + ln l¯ ln r¯
)− 1− α2
2(1 + α2)
(
ln l ln r¯ + ln l¯ ln r
)−
∫ ll¯rr¯ dq
q
ln
(
1±
√
1− 4q)) . (4.46)
One notices that eq. (4.46) is precisely the “mirror transform” of eq. (4.45) provided we
send α to −α in eq. (4.46). Furthermore, putting α = −1 in eq. (4.45) gives the potential
in eq. (4.24). Similarly we get eq. (4.26) when setting α = +1 in eq. (4.46).
4.4 Generalized Ka¨hler geometry and related issues
In order to keep the expressions transparent we will take throughout this section θ = θ′ =
φ = φ′ = 0.
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4.4.1 The twisted chiral/chiral parametrization
From the previous we know that the complex coordinates are related to the original coor-
dinates on the group by,
w = cosψ e−ρ−iϕ1 ,
z = sinψ e−ρ+iϕ2 , (4.47)
The generalized Ka¨hler potential eq. (4.11),
Vw 6=0(w, w¯, z, z¯) =
k
4π
(∫ zz¯
ww¯ dq
q
ln (1 + q)− 1
2
(lnww¯)2
)
, (4.48)
is everywhere well defined except when w = 0 (or ψ = π/2). However – as noted before in
[27] and [14] – we can consider the “mirror” potential (see eq. (2.74)),
Vz 6=0(w, w¯, z, z¯) =
k
4π
(
−
∫ ww¯
zz¯ dq
q
ln (1 + q) +
1
2
(ln zz¯)2
)
, (4.49)
which is now well defined as long as z 6= 0 (or ψ 6= 0). The potentials in the two patches
are related by a generalized Ka¨hler transformation,
Vw 6=0 − Vz 6=0 = − k
4π
ln
(
zz¯
)
ln
(
ww¯
)
. (4.50)
We now turn to the pure spinors and start from the potential in eq. (4.48) – i.e. we
work in the patch where w 6= 0 (or ψ 6= π/2). The two pure spinors φ+ and φ− are
respectively given by
φ+ = dz¯ ∧ eiΩ++Ξ+ = dz¯ ∧ e−b∧ eΛ+ ,
φ− = dw¯ ∧ eiΩ−+Ξ− = dw¯ ∧ e−b∧ eΛ− , (4.51)
where,
iΩ+ + Ξ+ =
k
8π(ww¯ + zz¯)
(
−2dw ∧ dw¯ − z¯
w
dw ∧ dz + z
w
dw ∧ dz¯
+
z¯
w¯
dw¯ ∧ dz + 3 z
w¯
dw¯ ∧ dz¯ − 2dz ∧ dz¯
)
, (4.52)
iΩ− +Ξ− =
k
8π(ww¯ + zz¯)
(
2dw ∧ dw¯ − z¯
w
dw ∧ dz + z
w
dw ∧ dz¯
−3 z¯
w¯
dw¯ ∧ dz − z
w¯
dw¯ ∧ dz¯ − 2dz ∧ dz¯
)
. (4.53)
We can also undo the b-transform and obtain in this way the H-closed pure spinors φ+ =
dz¯ ∧ eΛ+ , φ− = dw¯ ∧ eΛ− , where,
Λ+ = − k
4π
1
ww¯ + zz¯
(
dw ∧ dw¯ + dz ∧ dz¯ − 2 z
w¯
dw¯ ∧ dz¯
)
, (4.54)
Λ− =
k
4π
1
ww¯ + zz¯
(
dw ∧ dw¯ − dz ∧ dz¯ − 2 z¯
w¯
dw¯ ∧ dz
)
, (4.55)
– 26 –
and,
b =
k
8π
1
zz¯ + ww¯
( z¯
w
dw ∧ dz − z
w
dw ∧ dz¯ − z
w¯
dw¯ ∧ dz¯ + z
w¯
dw¯ ∧ dz¯
)
. (4.56)
Both φ+ and φ− are well defined as long as w 6= 0. The generalized Ka¨hler structure is
of type (1, 1) and no type changing occurs (as was expected). For the Mukai pairings,
eq. (2.56), we find,
(
φ+, φ¯+
)
=
(
φ−, φ¯−
)
= − k
2π
1
zz¯ +ww¯
= − k
2π
e2ρ , (4.57)
which vanishes nowhere and which satisfies the generalized Calabi-Yau condition eq. (2.59)
as well.
In the other patch – where z 6= 0 or ψ 6= 0 – described by the potential in eq. (4.49),
we find again pure spinors of the form given in eq. (4.51) but now with,
iΩ+ + Ξ+ =
k
8π(ww¯ + zz¯)
(
−2dw ∧ dw¯ + w¯
z
dw ∧ dz − w¯
z¯
dw ∧ dz¯
−w
z
dw¯ ∧ dz − 3w
z¯
dw¯ ∧ dz¯ − 2dz ∧ dz¯
)
,
iΩ− + Ξ− =
k
8π(ww¯ + zz¯)
(
2dw ∧ dw¯ + w¯
z
dw ∧ dz − w¯
z¯
dw ∧ dz¯
+3
w
z
dw¯ ∧ dz + w
z¯
dw¯ ∧ dz¯ − 2dz ∧ dz¯
)
, (4.58)
and undoing the b-transform we obtain the H-closed pure spinors φ+ = dz¯ ∧ eΛ+ , φ− =
dw¯ ∧ eΛ− , with,
Λ+ = − k
4π
1
ww¯ + zz¯
(
dw ∧ dw¯ + dz ∧ dz¯ + 2w
z¯
dw¯ ∧ dz¯
)
, (4.59)
Λ− =
k
4π
1
ww¯ + zz¯
(
dw ∧ dw¯ − dz ∧ dz¯ + 2w
z
dw¯ ∧ dz
)
. (4.60)
Again this is well defined as long as z 6= 0 and it satisfies the generalized Calabi-Yau con-
dition. However, when comparing the expressions for the pure spinors in both patches one
finds that they are not globally well defined thus leading to the conclusion that this model,
while N = (2, 2) superconformally invariant does not provide for a consistent supergravity
background.
4.4.2 The semi-chiral parametrization
We now turn to the semi-chiral parameterization. As no chiral or twisted chiral fields are
involved, the two-form Ω, eq. (2.64) can be introduced. At first sight it looks globally well
defined. However, if it were so then by virtue of eq. (2.69) the Kalb-Ramond two-form b
would be globally defined as well, implying that the torsion 3-form is exact. This is clearly
not true on a group manifold! This is resolved once one realizes that type changing occurs.
Indeed as we shall see we get that there are two T 2 submanifolds where [J+, J−] = 0,
so [J+, J−] is not invertible and as a consequence Ω is not defined in these loci. This
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situation has to be contrasted with the previous case. There both chiral and twisted chiral
coordinates are present and none of the expressions for Ω+ (eq. (2.50)) , Ω− (eq. (2.51))
or Ω (eq. (2.64)) are well defined.
In order to proceed we start from the potential in eq. (4.16) but make a coordinate
transformation by taking the logarithm of the original coordinates. With this we get,
Vψ 6=0(l, l¯, r, r¯) =
k
4π
((
l − r¯)(l¯ − r)− ∫ r+r¯ dq ln (1 + eq)), (4.61)
where the coordinates are explicitly given by,
l = ln
(
cosψ e−ρ−i ϕ1
)
, r = ln
(
cotψ ei ϕ1−i ϕ2
)
. (4.62)
The potential is well defined as long as ψ 6= 0. The complex structures are,
J+ =


+i 0 0 0
0 −i 0 0
0 −2i +i 0
+2i 0 0 −i

 , J− =


i 0 0 − 2i1+er+r¯
0 −i 2i
1+er+r¯
0
0 0 +i 0
0 0 0 −i

 . (4.63)
The metric is given by,
ds2 =
k
2π
(
dl dl¯ +
1
1 + er+r¯
(
dr dr¯ − dl dr − dl¯ dr¯)) . (4.64)
and the torsion 3-form by,
H =
k
4π
( er+r¯
(1 + er+r¯)2
dl ∧ dr ∧ dr¯ − e
r+r¯
(1 + er+r¯)2
dl¯ ∧ dr ∧ dr¯
)
. (4.65)
One also computes,
det
(
J+ + J−
)
=
16 e2(r+r¯)
(1 + er+r¯)2
= 16 cos4 ψ,
det
(
J+ − J−
)
=
16
(1 + er+r¯)2
= 16 sin4 ψ, (4.66)
so we anticipate type changing to occur at ψ = π/2 where the locus will be parameterized
by a twisted chiral field.
The second coordinate patch (well defined as long as ψ 6= π/2) is described by the
potential,
Vψ 6=pi
2
(l, l¯, r, r¯) =
k
4π
(
− (l − r)(l¯ − r¯)+ ∫ r+r¯ dq ln (1 + eq)), (4.67)
which is the “mirror” of eq. (4.61) which as we saw can be obtained by Legendre trans-
forming eq. (4.61) w.r.t. l and l¯. In this case the coordinates are given by,
l = ln
(
sinψ e−ρ+i ϕ2
)
, r = ln
(
tanψ e−i ϕ1+i ϕ2
)
. (4.68)
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As long as the superspace description only involves chiral and twisted chiral coordinates
one has that on the overlap of two coordinate patches the two expressions for the Ka¨hler
potential are related through a generalized Ka¨hler transformation. The present example
clearly shows that this changes once semi-chiral coordinates are present as well. In this
case one might need a Legendre transform when relating the potentials on the overlap.
The complex structures are now given by,
J+ =


+i 0 0 0
0 −i 0 0
2i 0 −i 0
0 −2i 0 i

 , J− =


−i 0 2i
1+er+r¯
0
0 i 0 − 2i1+er+r¯
0 0 +i 0
0 0 0 −i

 . (4.69)
The metric and torsion become,
ds2 =
k
2π
(
dl dl¯ +
1
1 + er+r¯
(
dr dr¯ − dl dr¯ − dl¯ dr)) ,
H = − k
4π
( er+r¯
(1 + er+r¯)2
dl ∧ dr ∧ dr¯ − e
r+r¯
(1 + er+r¯)2
dl¯ ∧ dr ∧ dr¯
)
. (4.70)
Using the complex structures one finds,
det
(
J+ + J−
)
=
16
(1 + er+r¯)2
= 16 cos4 ψ,
det
(
J+ − J−
)
=
16 e2(r+r¯)
(1 + er+r¯)2
= 16 sin4 ψ, (4.71)
and the type will change at ψ = 0 where we will have a description in terms of a chiral
field.
For now we work on the first patch where ψ 6= 0 described by the potential in eq. (4.61).
The pure spinors are readily calculated and give,
φ+ = e
iΩ++Ξ+,
φ− = e
iΩ−+Ξ− , (4.72)
with iΩ+ + Ξ+,
iΩ+ + Ξ+ =
k
8π
(
2dl ∧ dl¯ − dl ∧ dr + 3dl¯ ∧ dr¯ − 2
1 + er+r¯
dr ∧ dr¯
)
, (4.73)
and iΩ− + Ξ−,
iΩ− + Ξ− =
k
8π
(
−2dl ∧ dl¯ − dl ∧ dr − dl¯ ∧ dr¯ − 2
1 + er+r¯
dr ∧ dr¯
)
. (4.74)
Using these expressions, one computes the Mukai pairings,
(
φ+, φ¯+
)
=
k2
4π2
er+r¯
1 + er+r¯
=
k2
4π2
cos2 ψ ,
(
φ−, φ¯−
)
=
k2
4π2
1
1 + er+r¯
=
k2
4π2
sin2 ψ . (4.75)
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We notice two things here. Firstly the generalized Calabi-Yau condition eq. (2.59) is not
satisfied here while the weaker condition eq. (2.61) is satisfied. Secondly, we work here
on the patch where ψ 6= 0. When ψ = π/2 (where type-changing occurs) one gets that
(φ+, φ¯+) = 0!
In order to investigate this we introduce new coordinates w and z,
w = el, z = e−r+l¯. (4.76)
In these coordinates one gets that the complex structure J+ is diagonalized with eigenvalues
+i on dw and dz while J− is now given by,
J− =
1
ww¯ + zz¯


+i(ww¯ − zz¯) 0 0 +2iwz
0 −i(ww¯ − zz¯) −2iw¯z¯ 0
0 −2iwz +i(ww¯ − zz¯) 0
+2iw¯z¯ 0 0 −i(ww¯ − zz¯)

 , (4.77)
where rows and columns are labeled in the order w, w¯, z and z¯. The metric g in these
coordinates is given by eq. (4.12) and the Kalb-Ramond form b – in a gauge given by
eq. (2.53) – is,
b = − k
8π
ww¯ − zz¯
ww¯ + zz¯
(
dw ∧ dz
wz
+
dw¯ ∧ dz¯
w¯z¯
)
, (4.78)
which results in a torsion 3-form H = db as in eq. (4.13). Performing the coordinate
transformation on the pure spinors eq. (4.72) results in,
φ± =
√
ww¯zz¯ e−b∧ eΛ± , (4.79)
where,
Λ+ = − k
4π
1
ww¯ + zz¯
(
dw ∧ dw¯ + dz ∧ dz¯ + 2w
z¯
dw¯ ∧ dz¯
)
,
Λ− = − k
4π
1
ww¯ + zz¯
(
dw ∧ dw¯ + dz ∧ dz¯ − 2 z
w¯
dw¯ ∧ dz¯
)
, (4.80)
and one verifies that,
deΛ± = H ∧ eΛ± . (4.81)
The multiplicative prefactor
√
ww¯zz¯ in eq. (4.79) arises from the fact that pure spinors
transform as a density under coordinate transformations and is indeed needed to keep the
Mukai pairing invariant under a coordinate transformation. The b-transform in eq. (4.79)
has obviously no influence on the Mukai pairing.
In these coordinates, the type changing locus ψ = π/2 corresponds to w = 0 and we
clearly see from the previous that then J− = −J+ and J+ and J− respectively become
of the symplectic and complex type respectively. This becomes manifest if we rescale the
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pure spinors in an appropriate way12,
φ+ = e
Λ+ ,
φ− = w¯ e
Λ− . (4.82)
This shows that as long as w 6= 0 the generalized Ka¨hler geometry is of type (0, 0). When
w → 0 the type jumps to (0, 2), and the pure spinors reduce to their canonical forms
eq. (2.21) (φ+ remains symplectic but φ− becomes complex). Note that while φ+ is still
H-closed, this is not true for φ− anymore. The Mukai pairings are now,
(φ+, φ¯+) =
k2
4π2
1
ww¯ + zz¯
1
zz¯
(φ−, φ¯−) =
k2
4π2
1
ww¯ + zz¯
, (4.83)
which is now non-degenerate even if w = 0. From this analysis of a superconformally
invariant model it is clear that once type changing is involved a proper definition of the
pure spinors becomes more intricate.
We now turn to the other coordinate patch ψ 6= π/2 where the potential is given by
eq. (4.67) and the coordinates by eq. (4.68). The pure spinors are still given by eq. (4.72)
but the relevant 2-forms are now,
iΩ+ + Ξ+ =
k
8π
(
−2dl ∧ dl¯ − dl ∧ dr¯ − dl¯ ∧ dr + 2
1 + er+r¯
dr ∧ dr¯
)
, (4.84)
and,
iΩ− + Ξ− =
k
8π
(
2dl ∧ dl¯ − dl ∧ dr¯ + 3dl¯ ∧ dr + 2
1 + er+r¯
dr ∧ dr¯
)
. (4.85)
Calculating the Mukai pairings results in,
(
φ+, φ¯+
)
= − k
2
4π2
1
1 + er+r¯
= − k
2
4π2
cos2 ψ ,
(
φ−, φ¯−
)
= − k
2
4π2
er+r¯
1 + er+r¯
= − k
2
4π2
sin2 ψ . (4.86)
Once again we notice that the generalized Calabi-Yau condition eq. (2.59) is not satisfied
while the model is UV-finite eq. (2.61) (and as it describes a WZW-model it is N =
(2, 2) superconformally invariant as well) and the Mukai pairing is degenerate at the type
changing locus ψ = 0. Making a coordinate transformation,
w = el, z = el¯−r¯, (4.87)
12In order to simplify the expressions we performed a b-transform as well. Put differently, we once more
consider a generalized Ka¨hler geometry where the integrability are determined using the H-twisted Courant
bracket.
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allows one to analyze type changing in a similar way as above. The complex structure J+
is now diagonalized while J− is given by,
J− =
1
ww¯ + zz¯


−i(ww¯ − zz¯) 0 0 −2iwz
0 +i(ww¯ − zz¯) 2iw¯z¯ 0
0 2iwz −i(ww¯ − zz¯) 0
2iw¯z¯ 0 0 +i(ww¯ − zz¯)

 . (4.88)
When w = 0 (or ψ = 0) J+ = J− and the type changes. One finds that the role of φ+ and
φ− get interchanged
13,
φ+ = w¯ e
Λ− ,
φ− = e
Λ+ . (4.89)
Again it is clear that at w = 0 (ψ = 0) the type jumps from (0, 0) to (2, 0) and φ+ becomes
of complex type while φ− remains symplectic. The Mukai pairings are now non-degenerate,
but φ+ is not H-closed anymore nor is the generalized Calabi-Yau condition satisfied.
4.5 Isometries
We introduce,
h− = e
iǫ−σ0+iη−σ3 , h+ = e
iǫ+σ0+iη+σ3 , (4.90)
and consider the transformation g → h−gh+ with g given in eq. (4.4). Its effect on the
chiral and twisted chiral coordinates is given by,
w → e−φ−−φ+ w, z → e−φ¯−−φ+ z, (4.91)
where φ± = ǫ± + iη±. Compatibility of these transformation rules with the superfield
constraints requires that,
D+φ− = D¯+φ− = D−φ− = 0,
D−φ+ = D¯−φ+ = D¯+φ+ = 0, (4.92)
which imply that ∂=| φ− = ∂= φ+ = 0. This clearly shows that these transformations
correspond to (abelian) affine symmetries. The potential eq. (4.11) is indeed – modulo a
superspace total derivative term – invariant under these affine symmetries.
The effect of the transformations eq. (4.90) on the semi-chiral coordinates l and r is
given by,
l→ e−φ−−φ+ l, r→ eφ+−φ¯+ r. (4.93)
Compatibility of the symmetry transformations with the superfield constraints requires,
D¯+φ− = D¯+φ+ = 0, D¯−φ+ = D¯−φ¯+, D−φ+ = D−φ¯+. (4.94)
13This should not surprise us, as this interchanging is a manifestation of the mirror symmetry between
the two patches.
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This is not sufficient to ensure the invariance (modulo total derivative terms) of the po-
tential eq. (4.16). In order to achieve this we need to require,
D+φ− = D¯+φ− = D¯−φ− = 0,
D−φ+ = D¯−φ+ = D¯+φ+ = 0, (4.95)
which once more implies ∂=| φ− = ∂= φ+ = 0.
Let us now briefly reconsider the isometries which do not belong to the maximal
torus. As discussed in section 3 these do not leave the complex structures invariant and
as a consequence the transformed fields will not be compatible with the original superfield
constraints. For concreteness we will consider an infinitesimal transformation g → h− g
and h− = 1+ δh− where,
δh− =
(
0 ε
−ε¯ 0
)
. (4.96)
The variation of the group coordinate is δρ = 0 and,
δψ =
1
2
ε e−i(ϕ1+ϕ2) +
1
2
ε¯ ei(ϕ1+ϕ2) ,
δϕ1 =
i
2
tanψ
(
ε e−i(ϕ1+ϕ2) − ε¯ ei(ϕ1+ϕ2)) ,
δϕ2 = − i
2
cotψ
(
ε e−i(ϕ1+ϕ2) − ε¯ ei(ϕ1+ϕ2)) , (4.97)
which using eq. (4.8) results in,
δw = −ε¯ z, δz = εw. (4.98)
The above transformation leaves J+ invariant and as a consequence eq. (4.98) respects the
constraints following from J+, i.e. the equations are annihilated by D¯+. However as J−
is not invariant, the transformation rules are incompatible with the constraints following
from it. Acting with Dˆ− on the transformed coordinates, w
′ = w + ε¯ z and z′ = z − εw,
one finds that the complex structure is deformed to,
J− =


−i 0 −2i ε¯ 0
0 i 0 2i ε
−2i ε 0 i 0
0 2i ε¯ 0 −i

 , (4.99)
where rows and columns are labeled in the order w′, w¯′, z′, z¯′. This is perfectly consistent
with eq. (3.8). Eq. (4.99) is preserved as long as D¯+ε = D+ε = D−ε = 0 implying that
∂=| ε = 0.
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5 SU(2)× SU(2)
5.1 The complex geometry of the group
Another interesting example is the WZW-model on SU(2) × SU(2), which was already
briefly considered in [8]. We parameterize a group element g as,
g =


cosψ1 e
iϕ11 sinψ1 e
iϕ12 0 0
− sinψ1 e−iϕ12 cosψ1 e−iϕ11 0 0
0 0 cosψ2 e
iϕ21 sinψ2 e
iϕ22
0 0 − sinψ2 e−iϕ22 cosψ2 e−iϕ21

 , (5.1)
where ϕ11, ϕ12, ϕ21, ϕ22 ∈ Rmod2π and ψ1, ψ2 ∈ [0, π/2]. The local topology of the
group manifold SU(2) × SU(2) thus corresponds to S3 × S3, where the first three-sphere
is parametrized by ϕ11, ϕ12 and ψ1, and the second three-sphere by ϕ21, ϕ22 and ψ2. In
these coordinates the metric on S3 × S3 is given by
ds2 =
k
2π
(
dψ21 + cos
2 ψ1 dϕ
2
11 + sin
2 ψ1 dϕ
2
12 + dψ
2
2 + cos
2 ψ2 dϕ
2
21 + sin
2 ψ2 dϕ
2
22
)
, (5.2)
and the torsion three-form reads
H =
k
2π
(sin 2ψ1 dϕ11 ∧ dϕ12 ∧ dψ1 + sin 2ψ2 dϕ21 ∧ dϕ22 ∧ dψ2) . (5.3)
At the endpoints ψ1 = 0 (ψ2 = 0) or ψ1 = π/2 (ψ2 = π/2) the group manifold is pinched
down to S1 × S3 (S3 × S1), as can be clearly seen from the metric (5.2) and the torsion
three-form (5.3).
We write the Lie algebra generators of SU(2)× SU(2) as,
h =
1
2


1 0 0 0
0 −1 0 0
0 0 i 0
0 0 0 −i

 , e1 =


0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 , e2 =


0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0

 , (5.4)
and h¯ = h†, e¯1 = e
†
1 and e¯2 = e
†
2.
Modulo group conjugation we can make two choices for the complex structure on the
Lie algebra: J1 = diag
(
+i,+i,+i,−i,−i,−i) or J2 = diag(−i,+i,+i,+i,−i,−i) where we
labeled rows and columns in the order h, e1, e2, h¯, e¯1, e¯2. So we get the following options
for the complex structures on the group,
1. Ja+b = L
a
C J
C
1 D L
D
b , J
a
−b = R
a
C J
C
1 D R
D
b .
2. Ja+b = L
a
C J
C
1 D L
D
b , J
a
−b = R
a
C J
C
2 D R
D
b .
For the first choice one finds that the eigenvalues of J+ + J− are given by ±2i and
±2i cosψ1 cosψ2 where the last two eigenvalues are two- folded degenerated. The eigenval-
ues of J+ − J− are 0 and ±i
√
3− 2 cos 2ψ1 cos2 ψ2 − cos 2ψ2 where each eigenvalue is two-
folded degenerated. So for this choice for the complex structures the superspace description
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will be given in terms of a chiral superfield and a semi-chiral multiplet. Looking a bit closer
at the eigenvalues, we expect that type changing occurs for three different loci: ψ1 = π/2,
ψ2 = π/2 and ψ1 = ψ2 = 0.
If we take the second choice for the complex structures we get for the eigenvalues of
J+ + J− 0 and ±i
√
3 + 2 cos 2ψ1 cos2 ψ2 + cos 2ψ2 (each two- folded degenerated). The
eigenvalues of J+ − J− are ±2i and ±2i sinψ1 sinψ2 (the last two eigenvalues two-folded
degenerated). So here we will need one twisted chiral superfield and one semi-chiral mul-
tiplet. Looking a bit closer again at the eigenvalues, type changing will occur for three
different loci: ψ1 = 0, ψ2 = 0 and ψ1 = ψ2 = π/2.
We now turn to the first choice for the complex structurs which results in the potential,
V (l, l¯, r, r¯, z, z¯) =
k
4π
(
− (l − r)(l¯ − r¯) +
∫ r+r¯
dq ln
(
1 + eq
)
+
∫ z+z¯+i(l−l¯)
dq ln
(
1 + eq
))
, (5.5)
where,
l = ln sinψ2 + i ln cosψ1 + ϕ11 + i ϕ22 ,
r = ln tanψ2 + i(ϕ22 − ϕ21) ,
z = ln sinψ1 − i ln sinψ2 + ϕ22 + i ϕ12 . (5.6)
This potential is well defined for ψ1, ψ2 6= π/2.
For the second choice of the complex structures we find the “mirror” potential,
V (l, l¯, r, r¯, w, w¯) =
k
4π
(
(l − r¯)(l¯ − r)−
∫ r+r¯
dq ln
(
1 + eq
)−
∫ w+w¯+i(l−l¯)
dq ln
(
1 + eq
))
, (5.7)
where,
l = ln cosψ2 + i ln sinψ1 − ϕ12 − i ϕ21 ,
r = ln cotψ2 + i(ϕ21 − ϕ22) ,
w = ln cosψ1 − i ln cosψ2 − ϕ21 − i ϕ11 , (5.8)
and the potential is well defined as long as ψ1, ψ2 6= 0.
It is not hard to relate the present expressions to those obtained in previous section for
SU(2) × U(1) ⊂ SU(2) × SU(2) by taking an appropriate limit of the above. E.g. taking
ψ1 → 0 in eq. (5.5) results in the SU(2) × U(1) potential in eq. (4.23). Which is another
way to see that SU(2)× SU(2) degenerates at the endpoints ψ1 = 0 (ψ2 = 0) or ψ1 = π/2
(ψ2 = π/2).
To conclude this section about the complex geometry of SU(2) × SU(2), let us turn
to the isometries, g → h−gh+ , where we take,
h± =
(
eiε
1
±
σ3 0
0 eiε
2
±
σ3
)
. (5.9)
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Under this the coordinates transform as,
l→ l + φ− + φ¯+, r → r + φ+ − φ¯+, z → z + iφ¯− − iφ¯+, (5.10)
where,
φ± ≡ ε1± + i ε2± . (5.11)
These transformations are compatible with the constraints provided,
D+φ− = D¯+φ− = D−φ− = 0, D−φ+ = D¯−φ+ = D+φ+ = 0, (5.12)
which once more implies that ∂=| φ− = ∂=φ+ = 0. It is straightforward to check that the
model is indeed invariant under this.
5.2 Generalized Ka¨hler geometry and type changing
Next, we take a closer look at the generalized Ka¨hler geometry of this model. In order to
proceed in a structured way we will treat the semi-chiral + chiral and semi-chiral + twisted
chiral parametrization in a different subsection. But the analysis for both parametrizations
follows a completely analogous pattern:
(1) First we compute the expressions for both pure spinors, given the generalized Ka¨hler
potentials in (5.5) or (5.7) respectively.
(2) Then we compute the Mukai pairings (φ+, φ¯+) and (φ−, φ¯−) and observe that there
are points in the manifold where one of the two Mukai pairings vanishes. This signals
the occurrence of type changing loci.
(3) Next, we introduce complex coordinates for each type changing locus seperately such
that a type changing locus can be unambiguously expressed in terms of the complex
coordinates (instead of the real coordinates). In some cases, these coordinates will
diagonalize J+.
(4) We simplify the expressions for the pure spinors by performing a b-transform14. The
resulting two-forms in the exponent of the pure spinors φ+ and φ− are then called
Λ+ and Λ− respectively.
(5) The pure spinors are rescaled in such a way that they reveal type changing explicitly
(i.e. a symplectic-like pure spinor outside the locus and a complex-like pure spinor in
the type changing point.)
14Given that the expressions are more involved in six dimensions, we will not bother the reader by writing
down the expressions for b, Λ+ and Λ− explicitly.
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5.2.1 The semi-chiral and chiral parametrization
Given the generalized Ka¨hler potential (5.5) for the semi-chiral and chiral parametrization,
we find the following two pure spinors,
φ+ = dz¯ ∧ eiΩ++Ξ+ , (5.13)
φ− = e
iΩ−+Ξ− , (5.14)
with iΩ+ + Ξ+ given by,
iΩ+ + Ξ+ =
k
8π
(
− 2
1 + ei (l−l¯)+z+z¯
dl ∧ dl¯ − dl ∧ dr¯ − 2i
1 + e−i (l−l¯)−z−z¯
dl ∧ dz¯
−dl¯ ∧ dr + 2i
1 + e−i (l−l¯)−z−z¯
dl¯ ∧ dz + 4i
1 + e−i (l−l¯)−z−z¯
dl¯ ∧ dz¯
+
2
1 + er+r¯
dr ∧ dr¯ − 2
1 + e−i (l−l¯)−z−z¯
dz ∧ dz¯
)
, (5.15)
and iΩ− + Ξ− given by,
iΩ− + Ξ− =
k
8π
(
2
1 + ei (l−l¯)+z+z¯
dl ∧ dl¯ − dl ∧ dr¯ − 2i
1 + e−i(l−l¯)−z−z¯
dl ∧ dz¯
+3dl¯ ∧ dr − 2i
1 + e−i(l−l¯)−z−z¯
dl¯ ∧ dz
+
2
1 + er+r¯
dr ∧ dr¯ − 2
1 + e−i (l−l¯)−z−z¯
dz ∧ dz¯
)
. (5.16)
With these expressions for the pure spinors we calculate the Mukai pairings,
(φ+, φ¯+) =
k2
4π2
1
(1 + er+r¯)(1 + ei l−i l¯+z+z¯)
=
k2
4π2
cos2 ψ1 cos
2 ψ2,
(φ−, φ¯−) = − k
3
8π3
ei l−i l¯+r+r¯+z+z¯
(1 + er+r¯)(1 + ei l−i l¯+z+z¯)
= − k
3
8π3
sin2 ψ1 sin
2 ψ2. (5.17)
We notice two important things from this calculation: the generalized Calabi-Yau condition
(2.59) is not satisfied in this patch, while the weaker version in eq. (2.61) is satisfied.
Secondly, we find three loci where one of the Mukai pairings vanishes and thus where type
changing occurs: ψ1 = π/2 = ψ2, ψ1 = 0 and ψ2 = 0. For each locus we must now
introduce specific complex coordinates in which type changing becomes lucid and explicit.
i. Type changing locus 1 : ψ1 = 0 = ψ2
We introduce the following complex coordinates,
z1 = el, z2 = e−i l¯+i r−ln
(
1+ei l−i l¯+z+z¯
)
, z3 = ez+i l, (5.18)
and complex conjugates, such that J+ is diagonalized to +i on dz
1, dz2 and dz3 and −i on
dz¯1, dz¯2 and dz¯3. In these coordinates the type changing locus is located at z1 = 0 = z3.
When we take z1 and z3 to zero, the second complex structure J− diagonalizes as well and
we find that J+ = J−. This implies that the type of the pure spinors jumps from (1, 0)
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to (3, 0) when z1 = 0 and z3 = 0. Let us take a closer look at the pure spinors. We first
rewrite the pure spinors in the new complex coordinates and we simplify the expressions
for both pure spinors by performing a b-transform,
φ+ = i
√
z1z¯1z2z¯2z3z¯3
(
dz¯3
z¯3
+ i
dz¯1
z¯1
)
∧ e−b∧ eΛ+ ,
φ− = i
√
z1z¯1z2z¯2z3z¯3 e−b∧ eΛ− , (5.19)
where one can easily show that dΛ+ = dΛ− = db = H. Writing down the two pure spinors
after the b-transform (i.e. without the b-dependent part) leaves us with two pure spinors
that are H-closed.
In order to unravel type changing at z1 = 0 = z3, we should rescale the first pure
spinor:
φ+ = i
2π
k
z¯1z¯2z¯3
(
dz¯3
z¯3
+ i
dz¯1
z¯1
)
∧ eΛ+ , (5.20)
which reduces to the standard complex form dz¯1 ∧ dz¯2 ∧ dz¯3 in z1 = 0 = z3. φ− on the
other hand is rescaled to the form
φ− = e
Λ− , (5.21)
such that it takes on the standard form of a symplectic pure spinor in z1 = 0 = z3. One
can now show that φ− is still H-closed, but that φ+ is no longer H-closed. Let us now also
calculate the Mukai pairings for the rescaled pure spinors,
(φ+, φ¯+) =
1
1 + z1z¯1(z2)−i(z¯2)i
1
1 + z3z¯3
, (5.22)
(φ−, φ¯−) = − k
3
8π3
1
(z2)i(z¯2)−i + z1z¯1
1
1 + z3z¯3
1
z2z¯2
. (5.23)
We observe that both Mukai pairings behave regularly also when z1 = 0 = z3, but that
they do not satisfy the generalized Calabi-Yau condition (2.59).
ii. Type changing locus 2 : ψ1 = π/2
To investigate type changing in the second locus, we introduce the following complex
coordinates,
w1 = e−i l, w2 = e−r¯−i z¯, z1 = ei z, (5.24)
and their complex conjugates. In these coordinates the type changing occurs at w1 = 0.
Neither of the complex structures is diagonalized, but we observe that both J+ and J−
reduce to diagonal complex structures for w1 → 0:
J+ = diag(+i,−i,+i,−i,+i,−i), J− = diag(−i,+i,−i,+i,+i,−i), (5.25)
which shows that there are two complex directions for which J+ = −J− and one complex
direction for which J+ = J−. This implies that we require two twisted chiral superfields
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and one chiral superfield to parametrize the model at w1 = 0 (or ψ1 = π/2). The type of
the pure spinors then jumps from (1, 0) to (1, 2) at w1 = 0.
Let us first write down the pure spinors in the new complex coordinates and point out
that we can rewrite the pure spinors by performing a b-transform,
φ+ = −
√
w1w¯1w2w¯2z1z¯1
dz¯1
z¯1
∧ e−b∧ eΛ+ , (5.26)
φ− = i
√
w1w¯1w2w¯2z1z¯1 e−b∧ eΛ− , (5.27)
and one can show that dΛ+ = dΛ− = db = H. Pure spinors of the form e
Λ± are no longer
closed, but H-closed.
Next, we rescale the pure spinors to make the type changing explicit. The first pure
spinor takes the form
φ+ = dz¯
1 ∧ eΛ+ , (5.28)
while the second pure spinor is rescaled to the form,
φ− = −i 2π
k
w¯1w¯2eΛ− . (5.29)
When we take w1 → 0, we note that φ+ remains unchanged with respect to its type and
that φ+ contains the pure spinor as given in the expression (4.59), reflecting the remaining
S3 × S1 factor at w1 = 0. One can see explicitly that the group manifold is pinched down
to a S3 × S1 at w1 = 0 by taking ψ1 = π/2 in the expressions for the metric (5.2) and the
torsion three-form (5.3). The twisted chiral superfield is in this case played by w2, while
the roˆle of the chiral superfield is played by z1. At w1 = 0 the second pure spinor takes on
a more complex-like form (instead of a symplectic-like),
φ−
∣∣
w1=0
= dw¯1 ∧ dw¯2 ∧ eΛ−|w1=0 , (5.30)
where by Λ|w1=0 we mean those pieces of w¯1w¯2Λ− that do not vanish at w1 = 0. It
turns out that dw¯2 ∧ eΛ|w1=0 is exactly the pure spinor as presented in eq. (4.60), so that
we recover the S3 × S1 factor (parameterized by chiral superfield z1 and twisted chiral
superfield w2) also in the second pure spinor. Again, we calculate the Mukai pairings for
the rescaled pure spinors,
(φ+, φ¯+) =
k2
4π2
1
w1w¯1 + (z1)−i(z¯1)i
1
w2w¯2 + z1z¯1
1
z1z¯1
, (5.31)
(φ−, φ¯−) = − k
2π
1
1 + w1w¯1(z1)i(z¯1)−i
1
w2w¯2 + z1z¯1
. (5.32)
We notice again that neither of the Mukai pairings vanishes in w1 = 0 and that the
generalized Calabi-Yau condition (2.59) is not satisfied.
iii. Type changing locus 3 : ψ2 = π/2
For the third locus we introduce the complex coordinates,
w1 = e−i l, w2 = el¯−r¯−i ln
(
1+ei l−i l¯+z+z¯
)
, z1 = ez, (5.33)
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and their complex conjugates, for which the complex structure J+ diagonalizes to its stan-
dard diagonalized form (+i on the holomorphic coordinates and −i on the anti-holomorphic
coordinates). In these complex coordinates the type changing locus is located at w2 = 0.
Before discussing type changing in this point, we rewrite the pure spinors in terms of the
new complex coordinates and we simplify the pure spinors by performing a b-transform,
φ+ = i
√
w1w¯1w2w¯2z1z¯1
dz¯1
z¯1
∧ e−b∧ eΛ+ ,
φ− = i
√
w1w¯1w2w¯2z1z¯1 e−b∧ eΛ− , (5.34)
where one can show that dΛ+ = dΛ− = db = H. After the b-transform (i.e. without the
b-dependent part) we find two pure spinors that are H-closed.
In the point w2 = 0 the second complex structure J− reduces to diag(−i, i,−i, i, i,−i),
indicating that there are two (complex) directions for which J+ = −J− and one (complex)
direction for which J+ = J−. This implies that we require two twisted chiral superfields
and one chiral superfield in the type changing locus w2 = 0. The type itself then jumps
from (1, 0) to (1, 2). In order to make the type changing more explicit, we rescale both
pure spinors, such that they take the following form:
φ+ = dz¯
1 ∧ eΛ+ ,
φ− = −i 2π
k
w¯1w¯2eΛ− . (5.35)
When taking w2 to zero φ+ contains the pure spinor (without the b-transform) as given in
expression(4.59), where now w1 plays the roˆle of the twisted chiral superfield and z1 the
roˆle of the chiral superfield. In the type changing locus w2 = 0 we thus retrieve a S3 × S1
factor parametrized by a chiral and a twisted chiral superfield. The fact that the manifold
is pinched down to S3 × S1 can also be seen by taking ψ2 = π/2 in the expressions for
the metric (5.2) and the torsion three-form (5.3). φ− on the other hand reduces to the
following form,
φ−
∣∣
w2=0
= dw¯1 ∧ dw¯2 ∧ eΛ−|w2=0 , (5.36)
where eΛ−|w2=0 represents those pieces of w1¯w2¯eΛ− which do not vanish when we take
w2 → 0. It is not difficult to see that dw¯1 ∧ eΛ−|w2=0 corresponds to the pure spinor as
given in eq. (4.60). Hence, w1 and z1 form the correct complex coordinates to parameterize
the S3×S1 factor at w2 = 0. To conclude the discussion about type changing in this patch,
we calculate the Mukai pairings for the rescaled pure spinors,
(φ+, φ¯+) =
k2
4π2
1
w2w¯2 + (w1)i(w¯1)−i
1
w1w¯1 + z1z¯1
1
z1z¯1
, (5.37)
(φ−, φ¯−) = − k
2π
1
1 + (w1)−i(w¯1)iw2w¯2
1
w1w¯1 + z1z¯1
. (5.38)
Here we find that the Mukai pairings behave regularly for the rescaled pure spinors, also
in w2 = 0. Once more, the generalized Calabi-Yau condition (2.59) is not satisfied.
– 40 –
5.2.2 The semi-chiral and twisted chiral parametrization
Starting from the generalized Ka¨hler potential (5.7) for the semi-chiral and twisted chiral
parametrization, we obtain the following expressions for the pure spinors,
φ+ = e
iΩ++Ξ+ , (5.39)
φ− = dw¯ ∧ eiΩ−+Ξ− , (5.40)
with,
iΩ+ + Ξ+ =
k
8π
(
2
1 + ei (l−l¯)+w+w¯
dl ∧ dl¯ − dl ∧ dr + i
1 + e−i (l−l¯)−w−w¯
dl ∧ dw
− i
1 + e−i (l−l¯)−w−w¯
dl ∧ dw¯ + 3dl¯ ∧ dr¯ − 3i
1 + e−i (l−l¯)−w−w¯
dl¯ ∧ dw
− i
1 + e−i (l−l¯)−w−w¯
dl¯ ∧ dw¯ − 2
1 + er+r¯
dr ∧ dr¯
− 2i
1 + e−i (l−l¯)−w−w¯
dw ∧ dw¯
)
, (5.41)
and,
iΩ− + Ξ− =
k
8π
(
− 2
1 + ei (l−l¯)+w+w¯
dl ∧ dl¯ − dl ∧ dr + i
1 + e−i (l−l¯)−w−w¯
dl ∧ dw
+
3
1 + e−i (l−l¯)−w−w¯
dl ∧ dw¯ − dl¯ ∧ dr¯ + i
1 + e−i (l−l¯)−w−w¯
dl¯ ∧ dw
− i
1 + e−i (l−l¯)−w−w¯
dl¯ ∧ dw¯ − 2
1 + er+r¯
dr ∧ dr¯
+
2
1 + e−i (l−l¯)−w−w¯
dw ∧ dw¯
)
.(5.42)
Let us also calculate the Mukai pairings for these pure spinors:
(φ+, φ¯+) =
k3
8π3
ei l−i l¯+r+r¯+w+w¯
(1 + er+r¯)(1 + ei l−i l¯+w+w¯)
=
k3
8π3
cos2 ψ1 cos
2 ψ2, (5.43)
(φ−, φ¯−) = − k
2
4π2
1
(1 + er+r¯)(1 + ei l−i l¯+w+w¯)
= − k
2
4π2
sin2 ψ1 sin
2 ψ2. (5.44)
Also in this patch we observe two important points: the generalized Calabi-Yau condition
(2.59) is once more not satisfied, while the weaker version (2.61) is. And we find three
type changing loci where one of the Mukai pairings vanishes: ψ1 = π/2 = ψ2, ψ1 = 0 and
ψ2 = 0. Hence, we must find again complex coordinates for each locus (separately) such
that the type changing of the pure spinors becomes manifest.
i. Type changing locus 1 : ψ1 = π/2 = ψ2
We first introduce the following complex coordinates,
w1 = el, w2 = e−i l¯+i r−ln
(
1+ei l−i l¯+w+w¯
)
, w3 = ew+i l, (5.45)
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and their complex conjugates, such that J+ is a diagonalized complex structure (+i on
dw1, dw2 and dw3, and −i on dw¯1, dw¯2 and dw¯3). In these complex coordinates the type
changing locus is situated at w1 = 0 = w3, and in that particular point also J− diagonalizes
such that J− = −J+. This last relation implies that the type of the pure spinors jumps
from (0, 1) to (0, 3). So let us have a look at the pure spinors themselves. First, we
have to take into account that they transform as densities when we perform a coordinate
transformation,
φ+ =
√
w1w¯1w2w¯2w3w¯3 e−b∧ eΛ+ , (5.46)
φ− =
√
w1w¯1w2w¯2w3w¯3
(
dw¯3
w¯3
+ i
dw¯1
w¯1
)
∧ e−b∧ eΛ− (5.47)
At the same time we simplify the expressions for the pure spinors using a b-transform, and
one can show that dΛ+ = dΛ− = db = H. Hence, after the b-transform the pure spinors
are H-closed.
In order to make the type changing more explicit, we rescale the pure spinors such
that they take the following form
φ+ = e
Λ+ , (5.48)
φ− = i
2π
k
w¯1w¯2w¯3
(
dw¯3
w¯3
+ i
dw¯1
w¯1
)
∧ eΛ− . (5.49)
When we take w1 and w3 to zero, we observe that φ+ remains a symplectic-type pure
spinor, while φ− reduces to the standard complex-like pure spinor dw¯
1 ∧ dw¯2 ∧ dw¯3. φ+ is
still H-closed, but φ− is no longer H-closed. We also calculate the Mukai pairings for the
rescaled pure spinors,
(φ+, φ¯+) = − k
3
8π3
1
(w2)i(w¯2)−i + w1w¯1
1
1 +w3w¯3
1
w2w¯2
, (5.50)
(φ−, φ¯−) =
1
1 + w1w¯1(w2)−i(w¯2)i
1
1 + w3w¯3
, (5.51)
which never vanish in these coordinates, not even in w1 = 0 = w3. They also confirm once
again that in this patch for SU(2)× SU(2) the generalized Calabi-Yau condition (2.59) is
not satisfied.
ii. Type changing locus 2 : ψ1 = 0
To clarify the type changing in ψ1 = 0 we introduce the complex coordinates,
z1 = e−i l, z2 = e−r−i w¯, w1 = ei w, (5.52)
and their complex conjugates. In these coordinates neither of the complex structures is
diagonalized, but when we consider the type changing locus (w1 = 0), we observe that
both complex structures are diagonalized,
J+ = diag(+i,−i,+i,−i,+i,−i), J− = diag(+i,−i,+i,−i,−i,+i). (5.53)
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We observe that there are two (complex) directions along which the complex structures
are equal to each other, and one (complex) directions along which they are opposite.
This indicates that we require two chiral superfields and one twisted chiral superfield to
parameterize the manifold at z1 = 0. And it also implies that the type of the pure spinors
jumps from (0, 1) to (2, 1). Looking explicitly at the pure spinors,
φ+ =
√
w1w¯1z1z¯1z2z¯2 ∧ e−b∧ eΛ+ (5.54)
φ− = i
√
w1w¯1z1z¯1z2z¯2
dw¯1
w¯1
∧ e−b∧ eΛ− , (5.55)
where one can easily show that dΛ+ = dΛ− = db = H, such that the pure spinors (after
the b-transform) are H-closed (instead of closed).
Type changing becomes manifest by rescaling the pure spinors to the following form:
φ+ = −i 2π
k
z¯1z¯2 eΛ+ ,
φ− = dw¯
1 ∧ eΛ− . (5.56)
Taking z1 to zero, we find that φ− remains of the same type and contains the pure spinor
as given in the expression (4.55). Hence, we find that the manifold reduces to a S3 × S1
parametrized by z2 (chiral superfield) and w1 (twisted chiral superfield). This is consistent
with the metric and torsion 3-form one obtains when filling in ψ1 = 0 in (5.2) and (5.3)
respectively. The other pure spinor φ+ does change type and becomes a more complex-like
pure spinor,
φ+
∣∣
z1=0
= dz¯1 ∧ dz¯2 ∧ eΛ−|z1=0 , (5.57)
where dz¯2 ∧ eΛ−|z1=0 exactly corresponds to the pure spinor as given in eq. (4.54) in terms
of z2 (as chiral superfield) and w1 (as twisted chiral superfield). One can show that φ− is
still H-closed, while φ+ is no longer H-closed. Next, we calculate the Mukai pairings for
the rescaled pure spinors,
(φ+, φ¯+) = − k
2π
1
1 + z1z¯1(w1)i(w¯1)−i
1
z2z¯2 + w1w¯1
, (5.58)
(φ−, φ¯−) =
k2
4π2
1
(w1)−i(w¯1)i + z1z¯1
1
z2z¯2 + w1w¯1
1
w1w¯1
. (5.59)
In these complex coordinates, we can see clearly again that the Mukai pairings do not
vanish, not even in z1 = 0 and that the generalized Calabi-Yau condition (2.59) is not
satisfied.
iii. Type changing locus 3 : ψ2 = 0
Finally, we introduce the following complex coordinates,
z1 = e−i l, z2 = el¯−r−i ln
(
1+ei l−i l¯+w+w¯
)
, w1 = ew, (5.60)
and their complex conjugates to describe the third type changing locus in this patch.
In these coordinates J+ is diagonalized to the standard form of a complex structure
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(+i on dz1, dz2, dw1 and −i on dz¯1, dz¯2 and dw¯1). The type changing locus is situ-
ated at z2 = 0, in which also the other complex structure J− diagonalizes to the form
diag(+i,−i,+i,−i,−i,+i). Hence, in z2 = 0 there are two (complex) directions for which
J+ = J− and one (complex) direction for which J+ = −J−. This implies that we require
two chiral superfields and one twisted chiral superfield and that the type of the pure spinors
jumps from (0, 1) to (2, 1). Let us thus consider the pure spinors explicitly,
φ+ =
√
z1z¯1z2z¯2w1w¯1 e−b∧ eΛ+ , (5.61)
φ− =
√
z1z¯1z2z¯2w1w¯1
dw¯1
w¯1
∧ e−b∧ eΛ− , (5.62)
where one can show that dΛ+ = dΛ− = db = H. Leaving out the b-transform this implies
that the two pure spinors are H-closed. Type changing really becomes manifest after
rescaling these pure spinors,
φ+ = −i 2π
k
z¯1z¯2eΛ+ , (5.63)
φ− = dw¯
1 ∧ eΛ− . (5.64)
If we then look at what happens in z2 = 0, we observe that φ+ becomes more complex-like,
φ+
∣∣
z2=0
= dz¯1 ∧ dz¯2 ∧ eΛ+|z2=0 , (5.65)
such that dz¯1 ∧ eΛ+|z2=0 corresponds to the pure spinor given in eq. (4.54), where z1 plays
the roˆle of the chiral superfield and w1 the roˆle of the twisted chiral superfield. The second
pure spinor behaves regularly, remains of the same type and contains the pure spinor as
given in expression (4.55). Hence, we can conclude that also in z2 = 0 the manifold looks
like a S3 × S1 factor, now parametrized by z1 and w1. We also note that φ+ is no longer
H-closed, while φ− remains H-closed. To conclude this discussion, we calculate the Mukai
pairings for the rescaled pure spinors:
(φ+, φ¯+) = − k
2π
1
1 + (z1)−i(z¯1)iz2z¯2
1
z1z¯1 + w1w¯1
, (5.66)
(φ−, φ¯−) =
k2
4π2
1
(z1)i(z¯1)−i + z2z¯2
1
z1z¯1 + w1w¯1
1
w1w¯1
. (5.67)
Both Mukai pairings behave regularly and do not vanish in z2 = 0 and they show once
more that the generalized Calabi-Yau condition (2.59) is not satisfied for SU(2)× SU(2).
6 Discussion and conclusions
From the present paper it is clear that even-dimensional reductive group manifolds provide
a very explicit and manageable class of models where various aspects of generalized Ka¨hler
geometry can be studied. Only SU(2)×U(1) allows for commuting complex structures and
thus can be described solely in terms of chiral and twisted chiral superfields. Generically
semi-chiral fields will be omnipresent. The current examples show that the presence of
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semi-chiral superfields seems to be closely connected with the occurence of type changing.
In fact we expect that type changing is a generic feature for reductive group manifolds, a
fact already recognized in [2].
This can easily be demonstrated when we focus on the subclass of models for which the
supersymmetry is enhanced to N = (4, 4). These models were identified and classified in
[16] and are well known non-trivial examples of hypercomplex manifolds. The result is that
N = (4, 4) is possible on U(1)4, SU(2) × U(1) and on groups which can be written as the
product of factors W × SU(2)×U(1) where W is a Wolf space (a symmetric quaternionic
space). A full list of the hypercomplex group manifolds is SU(2n + 1), SU(2n) × U(1),
SO(4n)× (U(1))2n, SO(4n + 2)× (U(1))2n−1, SO(2n+ 1)× (U(1))n, Sp(2n)× (U(1))n,
G2×
(
U(1)
)2
, F4×
(
U(1)
)4
, E6×
(
U(1)
)2
, E7×
(
U(1)
)7
and E8×
(
U(1)
)8
. A group manifold
of this type has a two-sphere worth of complex structures on the Lie algebra. Choosing two
non-coinciding, non-antipodal points for constructing the right and left invariant complex
on the group guarantees that ker[J+, J−] = 0 and is therefore necessarily fully described
in terms of semi-chiral multiplets. From eqs. (2.69) and (2.64) one would then naively
deduce that the Kalb-Ramond form is globally well defined and as a consequence that
the canonical 3-form on the group is not only closed but exact as well, which is obviously
impossible. The only way out is to assume the existence of loci where the type changes –
i.e. where ker[J+, J−] 6= 0 – implying that the two-form Ω, eq. (2.64), is not well defined
anymore. This was explicitly illustrated for SU(2) × U(1).
We also point out that type changing occurs for both parametrizations of SU(2) ×
SU(2), indicating that type changing does not exclusively occur in models which possess
an enhanced N = (4, 4) supersymmetry or in models which are purely parametrized by
semi-chiral superfields. In the first patch (the semi-chiral + chiral parametrization) we
found three different loci where the type changes, which in this case implies that the two-
form Ω− in eq. (2.51) is not well defined in these three points. Also for the second patch
(the semi-chiral + twisted chiral parametrization) the three different type changing loci
indicate that there is a two-form which is not well defined in every point of the manifold,
namely the two-form Ω+ in eq. (2.50). An overview of the type changing can be found in
table 3 for SU(2) × U(1) and in table 4 for SU(2) × SU(2). For models parametrized by
all three types of superfield we know that there does not exist a plausible globally defined
two-form. Hence, we might guess that type changing in these models is closely linked to
this inexistence of a globally defined two-form.
The generalized Calabi-Yau conditions on the generalized Ka¨hler potential in N =
(2, 2) superspace language were studied in [12]. The conditions found there, and red-
erived in eq. (2.59) are (apparently only mildly) stronger than the conditions for 1-loop
UV finiteness calculated in [11], and given in eq. (2.59). As argued in [12], this might
be a sign that the vanishing of the β-function is necessary but not sufficient to guarantee
full (super)conformal invariance at the quantum level (see [28]). All of the WZW-models
on reductive even-dimensional group manifolds are actually N = (2, 2) superconformally
invariant at the quantum level. However they do not necessarily provide consistent super-
gravity backgrounds which gets reflected in the generalized Calabi-Yau conditions which
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S3 × S1 locus
patch 1 (4.61) ψ = π/2: (0, 0)→ (0, 2)
patch 2 (4.67) ψ = 0: (0, 0)→ (2, 0)
mirror
symmetry
Table 3. Summary of type changing for SU(2)× U(1).
S3 × S3 locus 1 locus 2 locus 3
patch 1 (5.5) ψ1 = 0 = ψ2: ψ1 = π/2: ψ2 = π/2:
(1, 0)→ (3, 0) (1, 0)→ (1, 2) (1, 0)→ (1, 2)
patch 2 (5.7) ψ1 = π/2 = ψ2: ψ1 = 0: ψ2 = 0:
(0, 1)→ (0, 3) (0, 1)→ (2, 1) (0, 1)→ (2, 1)
mirror
symmetry
Table 4. Summary of type changing for SU(2)× SU(2)
are not satisfied. While the pure spinors for the SU(2) × U(1) background in terms of
a chiral and a twisted chiral superfield do satisfy the generalized Calabi-Yau condition, a
more careful investigation shows that the pure spinors are not globally defined in this case.
In the present paper we presented several examples – SU(2)×U(1) in terms of a single
semi-chiral multiplet and SU(2) × SU(2) in terms of a semi-chiral and one twisted chiral
or chiral superfield – where the closed pure spinors were constructed and where the UV-
finiteness condition eq. (2.61) is satisfied. All these examples correspond to cases where
type changing loci exist where the pure spinors were ill defined in the type changing loci. A
manifestation of this is that some of the Mukai pairings are degenerate in the type changing
loci. Upon the introduction of appropriate complex coordinates we could rescale the pure
spinors so that they behave well everywhere even when the type changes. The resulting
pure spinors are however not closed anymore. These examples indicate that further study
of generalized Ka¨hler geometry in the presence of type-changing loci is called for. The
explicit examples developed in the current paper might serve as a guide line in the search
for a definition which encompasses the problems signaled here. Finding a covariant – in
the context of generalized Ka¨hler geometry – definition of the UV-finiteness condition in
eq. (2.61) could certainly be an interesting first step. Furthermore, it is clear that in order
to make progress in connecting N = (2, 2) supersymmetric σ-model results to solutions of
the supergravity equations of motion a thorough study of the dilaton coupling in N = (2, 2)
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superspace – including the β- functions – is unavoidable. Work in this direction is currently
in progress.
Another interesting feature which appeared here is related to the global formulation
of these models. Whenever the σ-model can be described in terms of chiral and twisted
chiral coordinates only – i.e. whenever J+ and J− commute – then the generalized Ka¨hler
potentials on the overlap of two coordinate patches are related by a generalized Ka¨hler
transformation (see e.g. the discussion in [14]). Once semi-chiral coordinates are present
as well – i.e. when im[J+, J−]g
−1 6= 0 – the situation becomes more involved and on the
overlap of two coordinate patches an additional Legendre transform might be required in
order to relate the potentials. A clear example of this was provided in section 4.4.1 where
it was shown that the potentials for S3 × S1 on the two patches ψ 6= 0 and ψ 6= π/2 are
each others mirror transform. On the overlap of the two patches the potentials are related
by a Legendre transform. With this in mind it would certainly be worthwhile to further
develop the ideas introduced in [14].
In view of their relative simplicity, one would expect that a systematic description of the
local generalized Ka¨hler geometry of even dimensional reductive Lie group manifolds should
be feasible. While we leave this to further investigation a few comments are still in order
here. Indeed we saw that a complex structure on a group is almost completely determined
once a Cartan decomposition for the Lie algebra is chosen. The remaining freedom lies in
the choice of the complex structure on the Cartan subalgebra. The arbitrariness in the
choice of a Cartan decomposition is translated in the precise relation between the complex
coordinates and the original coordinates parameterizing the group. The superfield content
is fully determined by the choice of J− with respect to J+. E.g. when choosing J− = J+
we expect the number of semi-chiral superfields to be maximal. Another natural choice is
given by taking J+ and J− to be equal on the roots and taking them with an opposite sign
on the Cartan subalgebra. This choice probably minimizes the number of semi-chiral fields
needed.
From the previous discussion it is clear that given an even-dimensional reductive group
manifold, we can construct several generalized Ka¨hler geometries of different types. This is
a consequence of the freedom one has for choosing the second complex structure on the Lie
algebra. E.g. for the simplest case – SU(2)×U(1) – we found two descriptions, one in terms
of a chiral and twisted chiral superfield and another one in terms of a semi-chiral multiplet.
As we showed in section 4.3 both descriptions are T-dual to each other. One might suspect
that alternate formulations of the same model are linked to each other through a chain
of T-dualities, i.e. different generalized Ka¨hler geometries for a given manifold might all
be related through T-duality. However this cannot be true. In order to see this we turn
once more to hyper-Ka¨hler manifolds which allow for two generalized Ka¨hler geometries:
the usual Ka¨hler one where one generalized complex structure is of the complex type
while the other is symplectic and the one where both generalized complex structures are
symplectic (see eq. (2.25)). In order that both descriptions are T-dual to each other one
would expect an isometry to exist. However, K3 provides an example of a hyper-Ka¨hler
manifolds without any isometries so we do expect that here the two generalized Ka¨hler
geometries, one of type (2, 0) and the other of type (0, 0) are not T-dual to each other.
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A Conventions, notations and identities
The conventions used in the present paper are essentially the same as those in [15].
We denote the worldsheet coordinates by τ, σ ∈ R, and the worldsheet light-cone
coordinates are defined by,
σ=| = τ + σ, σ= = τ − σ. (A.1)
The N = (1, 1) (real) fermionic coordinates are denoted by θ+ and θ− and the correspond-
ing derivatives satisfy,
D2+ = −
i
2
∂=| , D
2
− = −
i
2
∂= , {D+,D−} = 0. (A.2)
The N = (1, 1) integration measure is explicitely given by,∫
d2σ d2θ =
∫
dτ dσ D+D−. (A.3)
Passing from N = (1, 1) to N = (2, 2) superspace requires the introduction of two more
real fermionic coordinates θˆ+ and θˆ− where the corresponding fermionic derivatives satisfy,
Dˆ2+ = −
i
2
∂=| , Dˆ
2
− = −
i
2
∂= , (A.4)
and again all other – except for (A.2) – (anti-)commutators do vanish. The N = (2, 2)
integration measure is, ∫
d2σ d2θ d2θˆ =
∫
dτ dσ D+D− Dˆ+Dˆ−. (A.5)
Regularly a complex basis is used,
D± ≡ Dˆ± + iD±, D¯± ≡ Dˆ± − iD±, (A.6)
which satisfy,
{D+, D¯+} = −2i ∂=| , {D−, D¯−} = −2i ∂=, (A.7)
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and all other anti-commutators do vanish.
We denote the generators of a Lie algebra by TA, A ∈ {1, · · · , d} and they satisfy the
algebra [TA, TB ] = i fAB
C TC . The Cartan-Killing metric on the algebra, ηAB , is defined
by,
ηAB ≡ −1
h˜
fAC
DfBD
C , (A.8)
with h˜ the dual Coxeter number of the Lie algebra. In general we have,
Tr
(
TATB
)
= x ηAB, (A.9)
with x the index of the representation. One has that fABC = ηCD fAB
D is fully anti-
symmetric in its indices.
Denoting a group element by g and a set of coordinates on the group by xa, a ∈
{1, · · · , d}, we introduce the left- and right-invariant vielbeins LBa and RBa ,
g−1dg = i LBa TB dx
a, dgg−1 = iRBa TB dx
a . (A.10)
The NSNS 3-form H on the group is then given by,
H =
k
24πx
Tr dgg−1 ∧ dgg−1 ∧ dgg−1 = k
48π
RDa R
E
b R
F
c fDEF dx
a ∧ dxb ∧ dxc, (A.11)
where k ∈ N. The metric on the group is,
gab = − k
8πx
Tr ∂agg
−1∂bgg
−1 =
k
8π
RCa R
D
b ηCD . (A.12)
References
[1] N. Hitchin, Generalized Calabi-Yau manifolds, Quart. J. Math. Oxford Ser. 54, 281 (2003)
[arXiv:math/0209099].
[2] M. Gualtieri, Generalized complex geometry, Oxford University DPhil thesis, 2003,
arXiv:math/0401221;
[3] M. Gualtieri, Generalized complex geometry, arXiv:math/0703298, M. Gualtieri, Generalized
Kahler geometry, [arXiv:1007.3485 [math.DG]]. A particularly clear introduction is given
in N. Hitchin, Lectures on generalized geometry, [arXiv:1008.0973 [math.DG]].
[4] S. J. Gates, C. M. Hull and M. Rocˇek, Twisted Multiplets And New Supersymmetric
Nonlinear Sigma Models, Nucl. Phys. B 248 (1984) 157.
[5] P. S. Howe and G. Sierra, Two-Dimensional Supersymmetric Nonlinear Sigma Models With
Torsion, Phys. Lett. B 148 (1984) 451.
[6] U. Lindstro¨m, M. Rocˇek, R. von Unge and M. Zabzine, Generalized Ka¨hler manifolds and
off-shell supersymmetry, Commun. Math. Phys. 269 (2007) 833, hep-th/0512164.
[7] T. Buscher, U. Lindstro¨m and M. Rocˇek, New Supersymmetric Sigma Models With
Wess-Zumino Terms, Phys. Lett. B 202 (1988) 94.
[8] A. Sevrin and J. Troost, Off-shell formulation of N = 2 non-linear sigma-models, Nucl. Phys.
B 492 (1997) 623, hep-th/9610102.
– 49 –
[9] M. T. Grisaru, M. Massar, A. Sevrin and J. Troost, Some aspects of N = (2,2), D = 2
supersymmetry, Fortschr. Phys. 47 (1999) 301, hep-th/9801080.
[10] J. Bogaerts, A. Sevrin, S. van der Loo and S. Van Gils, Properties of semi-chiral superfields,
Nucl. Phys. B 562 (1999) 277, hep-th/9905141.
[11] M. T. Grisaru, M. Massar, A. Sevrin and J. Troost, The quantum geometry of N = (2,2)
non-linear sigma-models, Phys. Lett. B 412 (1997) 53, [arXiv:hep-th/9706218].
[12] C. M. Hull, U. Lindstrom, M. Rocˇek, R. von Unge and M. Zabzine, Generalized Calabi-Yau
metric and Generalized Monge-Ampere equation, J. High Energy Phys. 1008 (2010) 060,
arXiv:1005.5658 [hep-th].
[13] M. Rocˇek, K. Schoutens and A. Sevrin, Off-shell WZW models in extended superspace, Phys.
Lett. B 265 (1991) 303; M. Rocˇek, C. H. Ahn, K. Schoutens and A. Sevrin, Superspace
WZW models and black holes, hep-th/9110035.
[14] C. M. Hull, U. Lindstrom, M. Rocˇek, R. von Unge and M. Zabzine, Generalized Kahler
geometry and gerbes, J. High Energy Phys. 0910 (2009) 062, arXiv:0811.3615 [hep-th].
[15] A. Sevrin, W. Staessens and A. Wijns, An N=2 worldsheet approach to D-branes in
bihermitian geometries: II. The general case, J. High Energy Phys. 0909 (2009) 105,
[arXiv:0908.2756 [hep-th]].
[16] Ph. Spindel, A. Sevrin, W. Troost and A. Van Proeyen, Complex structures on parallelized
group manifolds and supersymmetric sigma models, Phys. Lett. B 206 (1988) 71 and
Extended Supersymmetric Sigma Models on Group Manifolds. 1. The Complex Structures,
Nucl. Phys. B 308 (1988) 662. In a purely mathematical context complex structures on
group manifolds were already discussed in H. Samelson, A class of complex manifolds,
Port. Math 5 (1953) 129 and H. Wang, Complex parallisable manifolds, Proc. Am. Math.
Soc. 5 (1954) 771. The classification of the hyper-complex group manifolds has been
independently done in a later mathematical paper, D. Joyce, Compact Hypercomplex and
Quaternionic Manifolds, J. Diff. Geom. 35 (1994) 743.
[17] N. Halmagyi, A. Tomasiello, Generalized Kaehler Potentials from Supergravity,’ Commun.
Math. Phys. 291 (2009) 1, [arXiv:0708.1032 [hep-th]].
[18] C. M. Hull, Complex structures and isometries in the (2,0) supersymmetric nonlinear sigma
model, Mod. Phys. Lett. A 5 (1990) 1793.
[19] C. M. Hull, B. J. Spence, The (2,0) Supersymmetric Wess-zumino-witten Model,’ Nucl. Phys.
B 345 (1990) 493.
[20] I. T. Ivanov, B. Kim, M. Rocˇek, Complex structures, duality and WZW models in extended
superspace, Phys. Lett. B 343 (1995) 133, [hep-th/9406063].
[21] U. Lindstro¨m, M. Rocˇek, I. Ryb, R. von Unge and M. Zabzine, New N = (2, 2) vector
multiplets, J. High Energy Phys. 0708 (2007) 008, [arXiv:0705.3201 [hep-th]].
[22] S. J. J. Gates and W. Merrell, D=2 N=(2,2) Semi Chiral Vector Multiplet, J. High Energy
Phys. 0710 (2007) 035, [arXiv:0705.3207 [hep-th]].
[23] U. Lindstro¨m, M. Rocˇek, I. Ryb, R. von Unge and M. Zabzine, T-duality and Generalized
Kahler Geometry, J. High Energy Phys. 0802 (056) 2008, hep-th/0707.1696.
[24] W. Merrell and D. Vaman, T-duality, quotients and generalized Ka¨hler geometry, Phys. Lett.
B 665 (401) 2008, hep-th/0707.1697.
– 50 –
[25] Martin Rocˇek: private communication and work in progress.
[26] C. M. Hull, A. Karlhede, U. Lindstrom and M. Rocˇek, Nonlinear Sigma Models And Their
Gauging In And Out Of Superspace, Nucl. Phys. B 266 (1986) 1.
[27] A. Sevrin, W. Staessens and A. Wijns, An N=2 worldsheet approach to D-branes in
bihermitian geometries: I. Chiral and twisted chiral fields, J. High Energy Phys. 0810 (2008)
108, [arXiv:0809.3659 [hep-th]].
[28] C. M. Hull, P. K. Townsend, Finiteness And Conformal Invariance In Nonlinear Sigma
Models, Nucl. Phys. B274 (1986) 349.
– 51 –
